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Stochastic continuity and modi�cation

De�nition

Let X = (Xx)x∈Rd be a random �eld. We say that X is

stochastically continuous at point x0 ∈ Rd if

∀ε > 0, lim
x→x0

P(|Xx − Xx0 | > ε) = 0.

De�nition

Let X = (Xx)x∈Rd be a random �eld. We say that X̃ = (X̃x)x∈Rd is

a modi�ciation of X if

∀x ∈ Rd ,P(Xx = X̃x) = 1.

Remark : It follows that X and X̃ have the same law.
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Regularity

De�nition

Let K = [0, 1]d . Let γ ∈ (0, 1). A random �eld X = (Xx)x∈Rd is

γ-Hölder on K if there exists a rv A such that a.s.

|X (x)− X (y)| ≤ A‖x − y‖γ , ∀x , y ∈ K .

Theorem (Kolmogorov-Chentsov 1956)

If there exist 0 < β < δ and C > 0 such that

E
(
|X (x)− X (y)|δ

)
≤ C‖x − y‖d+β, ∀x , y ∈ K ,

then there exists X̃ a modi�cation of X γ-Hölder on K , for all

γ < β/δ.
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Proof of Theorem Step 1

For k ≥ 1 we introduce the dyadic points of [0, 1]d

Dk =

{
j

2k
;∀1 ≤ i ≤ d , 0 ≤ ji ≤ 2k

}
.

Note that for x ∈ [0, 1]d , ∃xk ∈ Dk with ‖x − xk‖∞ ≤ 2−k .
Let γ ∈ (0, β/δ). For i , j ∈ [0, 2k ]d ∩ Nd with i 6= j de�ne

E k
i ,j = {ω ∈ Ω; |Xi/2k (ω)− Xj/2k (ω)| > ‖i/2k − j/2k‖γ∞}.

By assumption and Markov inequality

P(E k
i ,j) ≤ 2−k(d+β−γδ)‖i − j‖d+β−γδ∞ .
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Proof of Theorem Step 1

Let set

E k = ∪
(i ,j)∈[0,2k ];0<‖i−j‖∞≤5

E k
i ,j .

It follows that

P(E k) ≤ 5d+β−γδ2−k(d+β−γδ)#{(i , j) ∈ [0, 2k ]; 0 < ‖i − j‖∞ ≤ 5}
≤ 5d+β−γδ10d2−k(β−γδ)

Hence, by Borel Cantelli P(lim supE k) = 0 and Ω̃ = ∪k ∩l≥k E l is

such that P(Ω̃) = 1. For ω ∈ Ω̃, ∃k∗(ω) s.t. ∀l ≥ k∗(ω), x , y ∈ Dl

with 0 < ‖x − y‖∞ ≤ 52−l

|Xx(ω)− Xy (ω)| ≤ ‖x − y‖γ∞.
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Proof of Theorem Step 2

Let us set D = ∪kDk . For x , y ∈ D with 0 < ‖x − y‖∞ ≤ 2−k
∗(ω),

∃!l ≥ k∗(ω) with

2−(l+1) < ‖x − y‖∞ ≤ 2−l .

Moreover, one can �nd n ≥ l + 1 s.t. x , y ∈ Dn and ∀k ∈ [l , n− 1],
∃xk , yk ∈ Dk with ‖x − xk‖∞ ≤ 2−k and ‖y − yk‖∞ ≤ 2−k . We

set xn = x and yn = y . Therefore

‖xl − yl‖∞ ≤ ‖xl − x‖∞ + ‖x − y‖∞ + ‖y − yl‖∞
≤ 22−l + ‖x − y‖∞

But 2−l < 2‖x − y‖∞ and ‖xl − yl‖∞ ≤ 5‖x − y‖∞ ≤ 52−l and
since l ≥ k∗(ω)

|Xxl (ω)− Xyl (ω)| ≤ ‖xl − yl‖γ∞ ≤ 5γ‖x − y‖γ∞.
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Proof of Theorem Step 2

But for all k ∈ [l , n − 1],
‖xk − xk+1‖∞ ≤ 2−k + 2−(k+1) ≤ 32−(k+1) s.t.

|Xxk (ω)− Xxk+1(ω)| ≤ ‖xk − xk+1‖γ∞ ≤ (3/2)γ2−kγ .

Similarly,

|Xyk (ω)− Xyk+1(ω)| ≤ ‖yk − yk+1‖γ∞ ≤ (3/2)γ2−kγ .

It follows that

|Xx(ω)− Xy (ω)| ≤
n−1∑
k=l

|Xxk (ω)− Xxk+1(ω)|+ |Xxl (ω)− Xyl (ω)|

+
n−1∑
k=l

|Xyk (ω)− Xyk+1(ω)|

≤ 2× 3γ

2γ − 1
× 2−lγ + 5γ‖x − y‖γ∞

≤ cγ‖x − y‖γ∞
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Proof of Theorem Step 3

By chaining, it follows that ∀x , y ∈ D

|Xx(ω)− Xy (ω)| ≤ cγ2
k∗(ω)‖x − y‖γ∞,

and we set A(ω) = cγ2
k∗(ω). Hence we have proven that ∀ω ∈ Ω̃,

x , y ∈ D,
|Xx(ω)− Xy (ω)| ≤ A(ω)‖x − y‖γ∞.

We set X̃x(ω) = 0 if ω /∈ Ω̃. For ω ∈ Ω̃, if x ∈ D we set

X̃x(ω) = Xx(ω). Otherwize, there exists (xk)k a sequence of dyadic

points such that xk → x . Therefore (Xxk (ω)) is a Cauchy sequence

and we de�ne X̃x(ω) as its limit. By stochastic continuity we have

P(X̃x = Xx) = 1.
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Critical Hölder exponent

De�nition

Let γ ∈ (0, 1). A random �eld (X (x))x∈Rd admits γ as critical Hölder
exponent on [0, 1]d if :

(a) ∀s < γ, a.s. X satis�es H(s) : ∃A ≥ 0 rv s.t. ∀x , y ∈ [0, 1]d ,

|X (x)− X (y)| ≤ A‖x − y‖s .

(b) ∀s > γ, a.s. X fails to satisfy H(s).

Proposition (Adler, 1981)

Let (X (x))x∈Rd be a Gaussian random �eld. If ∀δ > 0, ∃c1, c2 > 0,

c1‖x − y‖2γ+δ ≤ E (X (x)− X (y))2 ≤ c2‖x − y‖2γ−δ

å critical Hölder exponent on [0, 1]d = γ for any continuous version of X .
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Gaussian s.i. �elds

Corollary

For X s.i. Gaussian s.t. ∀δ > 0, ∃c1, c2 > 0,

c1‖x‖2γ+δ ≤ vX (x) = E((Xx − X0)2) ≤ c2‖x‖2γ−δ,

any continuous version of X have critical Hölder exponent on [0, 1]d = γ.

Exples :

FBF with vH(x) = ‖x‖2H and EFBF vH,α(x) = cH,α(x/‖x‖)‖x‖2H
critical Hölder exponent = H

OU v(t) = 2 (c(0)− c(t)) = 2(1− e−θ|t|)
critical Hölder exponent = 1/2

OS vH,E (x) =
(∑d

i=1
|〈x , θi 〉|2αi

)H
critical Hölder exponent = H min1≤i≤d αi
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Directional Hölder regularity

Let x0 ∈ Rd and θ ∈ Sd−1, the line process Lx0,θ(X ) = (X (x0 + tθ))t∈R

has variogram vθ(t) = E
(

(X (x0 + tθ)− X (x0))2
)

= vX (tθ).

De�nition (Bonami, Estrade, 2003)

Let θ ∈ Sd−1. We say that X admits γ(θ) ∈ (0, 1) as directional
regularity in the direction θ if ∀δ > 0, ∃c1, c2 > 0,

c1|t|2γ(θ)+δ ≤ vθ(t) = vX (tθ) ≤ c2|t|2γ(θ)−δ,

Proposition (Bonami, Estrade, 2003)

If ∃γ : Sd−1 → (0, 1) s.t. ∀θ ∈ Sd−1, X admits γ(θ) as directional
regularity in the direction θ. Then γ takes at most d values. Moreover, if
γ takes k values γk < . . . < γ1, there exist

{0} = V0 ( V1 ( . . . ( Vk := Rd

γ(θ) = γi ⇔ θ ∈ (Vi r Vi−1) ∩ Sd−1.
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Directional Hölder regularity

Exples :

FBF with vH(x) = ‖x‖2H and EFBF vH(x) = cH,α(x/‖x‖)‖x‖2H :
∀θ ∈ Sd−1, directional Hölder regularity in direction θ = H

OS v(x) =
(∑d

i=1
|〈x , θi 〉|2αi

)H
: ∀1 ≤ i ≤ d , directional Hölder

regularity in direction θ̃i = Hαi for E θ̃i = α−1i θ̃i
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Hausdor� measures and dimensions

De�nition

Let U ⊂ Rd bounded. For δ > 0 and s ≥ 0, we set

Hs
δ(U) = inf

{∑
i∈I

diam(Bi )
s ; (Bi )i∈I δ − covering of U

}
,

meaning that U ⊂ ∪i∈IBi with diam(Bi ) ≤ δ.

Note that ∀δ < δ′, Hs
δ(U) ≥ Hs

δ′(U).

De�nition

The s-dimensional Hausdor� measure of U is de�ned by

Hs(U) = lim
δ→0

Hs
δ(U) ∈ [0,+∞],

s 7→ Hs(U) jumps from +∞ to 0 : Hausdor� dimension of U

dimH(U) = inf {s ≥ 0;Hs(U) = 0} = sup {s ≥ 0;Hs(U) = +∞} .
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Hausdor� measures and dimensions

Remark : in general we do not know the value of Hs∗(U) ∈ [0,+∞] at
s∗ = dimH(U). But

Hs(U) > 0 ⇒ dimH(U) ≥ s

Hs(U) < +∞ ⇒ dimH(U) ≤ s

Exple : U = [0, 1]d , ‖ · ‖∞, U ⊂ ∪Nδ

i=1
Bi (δ) and Hs

δ(U) ≤ cδs−d .
It follows that for s ≥ d , Hs(U) < +∞ and dimH(U) ≤ d .
Let U ⊂ ∪i∈IBi ⊂ ∪i∈IBi (ri ) and 1 = Leb(U) ≤

∑
i r

d
i s.t. Hd(U) > 0

and dimH(U) = d .

Proposition

If U is a non-empty open bounded set of Rd then dimH(U) = d .
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Hausdor� dimensions for Hölder functions

Let f : [0, 1]d → R and write

Gf = {(x , f (x)); x ∈ [0, 1]d} ⊂ Rd+1.

Note that dimHGf ≥ d .

Proposition

If |f (x)− f (y)| ≤ C‖x − y‖γ∞ for γ ∈ (0, 1], then dimHGf ≤ d + 1− γ.

Write [0, 1]d ⊂
Nδ∪
i=1

xi + [0, δ]d , then

Gf ⊂
Nδ∪
i=1

(
xi + [0, δ]d

)
× (f (xi ) + [−Cδγ ,Cδγ ])

⊂
Nδ∪
i=1

Nγ
δ∪

j=1

(
xi + [0, δ]d

)
× (f (xi ) + Ij(δ)) .

Hence Hs
δ(Gf ) ≤ NδN

γ
δ δ

s ≤ cδ−d+γ−1+s . Therefore s > d + 1− γ
implies Hs(Gf ) = 0 and dimHGf ≤ d + 1− γ.
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Frostman criteria for random �elds

Theorem

Let (Xx)x∈Rd be a second order �eld a.s. continuous on [0, 1]d s.t. ∃s > 1,∫
[0,1]d×[0,1]d

E
((
|Xx − Xy |2 + ‖x − y‖2

)−s/2)
dxdy < +∞,

then a.s. dimHGX ≥ s.

Corollary

Let (X (x))x∈Rd be a Gaussian random �eld. If ∀δ > 0, ∃c1, c2 > 0,

c1‖x − y‖2γ+δ ≤ E (X (x)− X (y))2 ≤ c2‖x − y‖2γ−δ,

for any continuous modi�cation X̃ of X

å dimHGX̃ = d + 1− γ a.s
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