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Outline

• Systems vaccinology

• Gene expression differential analysis

• Random forests for longitudinal data



Vaccines



Systems vaccinology



Data in vaccinology
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Trial Year Sample size Folder size

ALBI ANRS 070 1999 151 67 Ko

DALIA-1 2014 19 200 Go
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• Therapeutic vaccine in HIV-infected patients

• Dendritic Cells are loaded with 5 HIV peptides

LIPO5

Dendritic cell based vaccine



Apheresis 

36 32 25 0 4 8 12 

TREATMENT 

weeks 

16 

Vaccinations 

END OF STUDY 

-8 -4 26 27 28 22 24 40 44 48 

Apheresis 

Interrupt HAART 

Apheresis 

FOLLOW-UP 
HAART + DC-HIV LIPO-5 vaccine Cd4<350 cells/mm3  HAART  

DALIA-1 trial design

Levy et al. J Immunology 2014



Data in vaccinology

11

Gene 
profiling
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No antigenNo antigen Gag peptidesGag peptidesStimulation with:

Cell responses Cytokines

Epitope
mapping

PPi, 
H+,…

Viral changes/
adaptation

- 846 000 probes (18 temps x 
47 000 sondes) 26 Mo
- 18 612 000 beads (22 
billes/sonde) 6 Go

- 30 populations cellulaires 0.05 Mo
- 2160 anticorps (18 temps x 15 tubes x 
8 anticorps) pour  2.6 Go

- 200 séquences
- 20 Mo

- 800 mesures/temps 
- 0.35 Mo

Levy et al. J Immunology 2014



DALIA-1 results: HIV RNA viral 
load after treatment interruption

Levy et al. J Immunology 2014



DALIA-1 results: gene expression 
after treatment interruption

Thiebaut et al. Front Immunol 2019 & Hejblum Plos Comp Biol 2015



Aims

• To understand the mechanism of vaccine response

• To predict the vaccine response

14



The gene expression
(transcriptome)

• Messenger RNA

• Measured by
• Microarray: fluorescence intensity

(continuous)
• RNA-sequencing: count data

• Could be measured:
• At the single-cell level
• In the whole blood (bulk): gene abundance



RNA-seq differencial analysis

• Objective: to compare gene expression/abundance 
between/within groups

• Taking into account:
• Test multiplicity

(control of Type-I error and False Discovery rate)
• RNA-seq data heterosckedasticity



RNA-seq differencial analysis

• The reference approaches
• EdgeR: Robinson et al. Bioinformatics 2010 (>17K 

citations)
• DESeq2: Love et al. Genome Biology 2014 (>24K 

citations)
• Voom-lima: Law et al. Genome Biology 2014 (>2K 

citations)

• But limitations (Rapaport 2013, Rocke 2015, Germain 2016)

• Strong parametric assumptions
• Tailored for small studies



Dearseq method

Gauthier et al. NAR Genomics and Bioinformatics 2020

Boris HejblumMarine Gauthier



Dearseq method

Gauthier et al. NAR Genomics and Bioinformatics 2020



Dearseq method

Gauthier et al. NAR Genomics and Bioinformatics 2020



Simulations

• Monte Carlo estimation over 1000 simulations (non 
linear relationship)
• False Discovery Rate

Gauthier et al. NAR Genomics and Bioinformatics 2020
21



Valorisation

• Package dearseq



23

Oups, were we wrong?



Oups, were we wrong?

Li et al. Genome Biology 2022 24



Actually, no. It is ok.

https://www.biorxiv.org/content/10.1101/2022.05.10.490529v1 25

https://www.biorxiv.org/content/10.1101/2022.05.10.490529v1


Time course geneset analysis

Figure 4 - Four significant gene sets during pre-ATI in DALIA-1

Each line is the median over the patients of the expression of one gene. Each graph shows all the genes
in one particular gene set. The left graph displays the raw gene expression, the right one displays the
estimations from the mixed model for the same gene set. The expressions have been centered and reduced
for this representation. The percentile likelihood ratio associated with the displayed gene sets is given as an
indication of their rank of significance.

TcGSA

Furthermore these gene sets, identified as those whose expression
is affected by the vaccine, can be used as a starting point to discover
correlates of vaccine response in genome wide expression.
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Fig. 4. Significant gene sets from pre-ATI. Each line is the median over the
patients of the expression of one gene. Each graph shows all the genes in
one particular gene set. The left column displays the raw gene expression,
the right column displays the estimations from the mixed model for the same
gene set. The data have been centered and reduced for this representation.

3.1.3 Post-ATI: after antiretroviral treatment interruption After
week 24 when the patients stopped the antiretroviral treatment, 243
gene sets out of 260 were found to be significant, illustrating the
tremendous impact of the treatment interruption on the organism.
Followed by a viral rebound, the treatment interruption is indeed
a major event that triggers the expression of thousand of genes.
This was already visible even in a gene-by-gene analysis where
7,534 probes were found significant (an unusually high number
of differentially expressed genes). The immune system is very
much in demand, and most of the gene sets from the Modules

Table 1. Number of significant units in DALIA-1 at a FDR
of 5%

Pre-ATI Post-ATI Units

Gene-by-gene 0 7, 534 probes a

GSEA for time series 0 67 genes set b

TcGSA linear 23 227 gene sets b

TcGSA cubic 69 243 gene sets b

TcGSA splines 68 241 gene sets b

a 32,978 probes investigated after filtering
b 260 immune-related gene sets investigated

are activated as they are tightly linked with the immune system
activity (see supplementary Figure S TODO). Figure 5 displays
the raw and estimated expressions of 9 of those significant gene
sets. Of particular interest are the three gene sets M1.2, M3.4 and
M5.12 which are all annotated as interferon-related. These three
gene sets exhibit similar dynamics (see Figure 5). Such a timely
upregulation was expected, as it is linked to the viral rebound after
treatment interruption and was previously reported (Bécavin et al.,
2011; Bosinger et al., 2012). The gene set M 3.4 is also linked
with antiviral response. The gene sets M 4.16 and M7.1 are both
heterogeneous. Those 2 gene sets are also good examples of the
shrinkage that occurs with the estimations. Thanks to the large scope
of microarray data, B cell responses (gene set M4.10) were observed
in addition to the T cell responses (M4.15 in Figure 5), only the latter
being observed with cytokine production (Levy et al., 2013).

3.2 Another application: influenza and pneumococcal
vaccines responses

In a recent paper, Obermoser et al. (2013) investigated the response
to influenza and pneumococcal vaccines in healthy individuals at the
gene expression level.

3.2.1 Study design Healthy, young adults were randomly split in
three groups of six volunteers each, receiving either a 2009-2010
seasonal influenza vaccine (Fluzone), a 23-valent pneumococcal
vaccine (Pneumovax23), or a placebo (saline injections). Blood
samples were collected at days -7, 0, 1, 3, 7, 10, 14, 21, and
28 to measure gene expression in whole blood. A more detailed
description of the study can be found in Obermoser et al. (2013).

3.2.2 Comparison of the results In their modular analysis,
Obermoser et al. (2013) focused on 62 of the 260 available modules
defined in Chaussabel et al. (2008). They investigate the changes
of gene expression in those 62 modules for each of the seven time
points from day 1 to day 28 in regards of the averaged baseline
between the two measurements at days -7 and 0. Thus they do
not take into account the repeated structure of the data, and only
investigated significant modules at day 1 and day 7 (not further on).
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Question

• Knowing which genes / genesets are moving over 
time, 

• which ones are associated to the viral load
dynamics?
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Apheresis 

36 32 25 0 4 8 12 

TREATMENT 

weeks 

16 
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FOLLOW-UP 
HAART + DC-HIV LIPO-5 vaccine Cd4<350 cells/mm3  HAART  

DALIA-1 trial design
Integrative Analysis



Sparse group Partial Least Squares method

PLS + LASSO

Regression method

Ø Independent linear combinations of 
predictors, ie genes

Ø Independent linear combinations of 
explaining variables, ie immunological measures

Ø Components maximize their covariance

• Each sPLS component is sparse: only a few variables contributes to each components
• Selection could be done by group of genes

Penalization method

Ø Select only a few predictors, i.e. genes

Ø Sparse: all non selected predictor 
Coefficients are estimated as exactly 0

Number of predictors (genes) > number of patients:

Benoit Liquet

Liquet et al. Bioinformatics 2015;  Sutton et al. Statist Med 2018;37:3338
29



Group PLS

Aim: Select group variables taking into account the data structures
I PLS components

Ck = u1 ⇥ X1 + u2 ⇥ X2 + u3 ⇥ X3 + . . .+ up ⇥ Xp

I sparse PLS components (sPLS)
Ck = u1 ⇥ X1 + u2|{z}

=0

⇥X2 + u3|{z}
=0

⇥X3 + . . .+ up ⇥ Xp

I group PLS components (gPLS)

Ck =

module1z                    }|                    {
u1|{z}
=0

X1 + u2|{z}
=0

X2 +

module2z                                    }|                                    {
u3|{z}
,0

X3 + u4|{z}
,0

X1 + u5|{z}
,0

X5 . . .

moduleKz                       }|                       {
up�1|{z}
=0

Xp�1 + up|{z}
=0

Xp

,! select group of variables; all the variables within a group are selected
otherwise none of them are selected

does not achieve sparsity within each group

sgPLSLiquet et al. Bioinformatics 2015;  Sutton et al. Statist Med 2018;37:3338



Correlations with immune response 
(W16) and peak of viral load (post ATI)
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Figure 16: Heatmap of the correlation between the variables and genes projections onto
the space of the first 4 components
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Figure 17: Heatmap of the True correlation between the variables and genes projections
selected by one of the the first 4 components
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Need more

• To take into account longitudinal setting

• Repeated measures of HIV RNA viral load

• Repeated measures of gene abundance



Random forest for longitudinal data



Random forest for longitudinal data

Capitaine et al. SMMR 2020



Random forest for longitudinal data

Capitaine et al. SMMR 2020 LongituRF



Random forest for longitudinal data



Application to DALIA-1

Capitaine et al. SMMR 2020



Application to DALIA-1

Capitaine et al. SMMR 2020



Frechet random forest

Capitaine et al. https://arxiv.org/abs/1906.01741 Frechforest



Frechet random forest

Capitaine et al. https://arxiv.org/abs/1906.01741



Application for COVID19 vaccine

Chaussabel et al. https://www.biorxiv.org/content/10.1101/2021.12.12.472257v2



Application for COVID19 vaccine

Chaussabel et al. https://www.biorxiv.org/content/10.1101/2021.12.12.472257v2



Application for COVID19 vaccine

Chaussabel et al. https://www.biorxiv.org/content/10.1101/2021.12.12.472257v2
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The sparse Partial Least Squares method

PLS + LASSO

Regression method

Ø Independent linear combinations of 
predictors, ie genes

Ø Independent linear combinations of 
explaining variables, ie immunological measures

Ø Components maximize their covariance

Each sPLS component is sparse: only a few variables contributes to each components

Penalization method

Ø Select only a few predictors, i.e. genes

Ø Sparse: all non selected predictor 
Coefficients are estimated as exactly 0

Refs: Esposito Vinzi et al. (2010), Handbook of Partial Least Squares ; 
Tibshirani (1996), Regression shrinkage and selection via the lasso. JRSS-B ;
Lê Cao,K.-A. et al. (2008), A sparse PLS for variable selection when integrating omics data. Stat. App. In Gen. & Mol. Biol. 

Number of predictors (genes) > number of patients:



Data: Constraints and Aims

I Main constraint: situation with p > n
I Aims:

1. Symmetric situation. Analysis the associations between two
blocks of information, analysis focuses on shared information.

2. Asymmetric situation. X matrix= predictors and Y matrix=
responses variables, analysis focuses on prediction.

I Partial Least Square Family: dimension reduction approaches
I PLS find pairs of latent vectors CX = Xu, CY = Yv with maximal

covariance.

e.g., CX = u1 ⇥ SNP1 + u2 ⇥ SNP2 + . . .+ up ⇥ SNPp

I Symmetric situation and Asymmetric situation.
I Successive matrix decomposition of X and Y into new latent

variables.



PLS and sparse PLS

PLS
I Output of PLS: K pairs of latent variables (CX

k ,CY
k ),

k = 1, . . . ,K with K << min(p, q).
I Reduction method but no variable selection for extracting the

most relevant variables from each latent variables.
sparse PLS
I sparse PLS select the relevant SNPs
I Some coefficients ul are equal to 0

Ck = u1⇥SNP1 + u2|{z}
=0

⇥SNP2 + u3|{z}
=0

⇥SNP3 + . . .+up ⇥SNPp

I The sPLS components are linear combinations of the selected
variables



Group PLS

Aim: Select group variables taking into account the data structures
I PLS components

Ck = u1 ⇥ X1 + u2 ⇥ X2 + u3 ⇥ X3 + . . .+ up ⇥ Xp

I sparse PLS components (sPLS)
Ck = u1 ⇥ X1 + u2|{z}

=0

⇥X2 + u3|{z}
=0

⇥X3 + . . .+ up ⇥ Xp

I group PLS components (gPLS)

Ck =

module1z                    }|                    {
u1|{z}
=0

X1 + u2|{z}
=0

X2 +

module2z                                    }|                                    {
u3|{z}
,0

X3 + u4|{z}
,0

X1 + u5|{z}
,0

X5 . . .

moduleKz                       }|                       {
up�1|{z}
=0

Xp�1 + up|{z}
=0

Xp

,! select group of variables; all the variables within a group are selected
otherwise none of them are selected

does not achieve sparsity within each group



Sparse Group PLS
Aim: combine both sparsity of groups and within each group.
Example, X matrix= genes, we might be interested in identifying particularly
important genes in pathways of interest.
I sparse PLS components (sPLS)

Ck = u1 ⇥ X1 + u2|{z}
=0

⇥X2 + u3|{z}
=0

⇥X3 + . . .+ up ⇥ Xp

I group PLS components (gPLS)

Ck =

module1z                    }|                    {
u1|{z}
=0

X1 + u2|{z}
=0

X2 +

module2z                                    }|                                    {
u3|{z}
,0

X3 + u4|{z}
,0

X1 + u5|{z}
,0

X5 . . .

moduleKz                       }|                       {
up�1|{z}
=0

Xp�1 + up|{z}
=0

Xp

I sparse group PLS components (sgPLS)

Ck =

module1z                    }|                    {
u1|{z}
=0

X1 + u2|{z}
=0

X2 +

module2z                                   }|                                   {
u3|{z}
,0

X3 + u4|{z}
=0

X4 + u5|{z}
=0

X5 . . .

moduleKz                       }|                       {
up�1|{z}
=0

Xp�1 + up|{z}
=0

Xp



Optimisation problem

• PLS

• sPLS

where FX and FZ are the residual matrices and where the ðhþ 1Þth col-

umns of C and E contain, respectively, the coefficients from the simple

regressions of each column of the current deflated matrices Xh ¼ Xh%1

%nhcT
h and Zh ¼ Zh%1 % xheT

h onto the score vectors nhþ1 and xhþ1.

PLS relates both matrices by maximizing the covariance between

each pair of scores ðnh ¼ Xh%1uh;xh ¼ Zh%1vhÞ:

argmaxjjuh jj2¼jjvh jj2¼1 CovðXhuh;ZhvhÞ; h ¼ 1; . . . ;H: (1)

This PLS form is often referred to as ‘PLS mode A’ in the literature

(Vinzi et al., 2010) where, similarly to CCA, the relationship be-

tween the two datasets is symmetric. A variant is an asymmetric

way (‘PLS2’, Wegelin, 2000; Wold et al., 1983) of deflating Z and in

this case the model consequently differs: Z ¼ NDT þ FZ, where FZ

is a residual matrix and where the ðhþ 1Þth column in D contains

the coefficients from the local regressions of each column of the cur-

rent deflated matrix Zh ¼ Zh%1 % nhdT
h onto the score vector nhþ1.

2.2.2 Sparse PLS

The sPLS enables variable selection from both sets by including L1

penalizations on both uh and vh simultaneously in (1), which is solved

with a Lagrangian form (see Lê Cao et al. 2008, 2009). The result is a

subset of correlated variables from both X and Z indicated through

the non-zero elements of the loading vectors uh and vh, respectively

(for each PLS dimension h) and a set of score vectors ðnh;xhÞ which

are useful for graphical representations. Let us consider the singular

value decomposition of the r-rank matrix M ¼ XTZ: M ¼ UDVT;

where U ¼ ½u1; . . . ;ur' : p( r and V ¼ ½v1; . . . ; vr' : q( r are ortho-

normal and where D is a diagonal matrix containing the singular val-

ues dk. The column vectors of U and V are the PLS loadings of X and

Z. It is worth noting that ðu1; v1Þ is also solution of (1) when h¼1.

Moreover, by Eckart–Young’s theorem, these two vectors can also be

obtained by first solving (for ~u and ~v, without a norm constraint) the

minimization problem

min
~u ;~v
jjXTZ% ~u~vTjj2F ¼ jjX

TZ% ~u1~vT
1 jj

2
F ¼ jjX

TZ% d1u1vT
1 jj

2
F;

followed by a norming step of the vectors found. We thus have

ðu1; v1Þ ¼ ð~u1=jj~u1jj2; ~v1=jj~v1jj2Þ. This is equivalent to solve

min
jj~u jj2¼1;~v

jjXTZ% ~u~vTjj2F ðrespectively;min~u ;jj~v jj2¼1jjX
TZ% ~u~vTjj2FÞ

followed by norming ~v (respectively, ~u). To obtain sPLS loadings,

Lê Cao et al. (2008) followed this idea, similar to the one imple-

mented by Shen and Huang (2008) to develop sparse PCA. In sPLS,

one tries to optimize

min
uh ;vh

jjMh % uhvT
h jj

2
F þ Pk1;h

ðuhÞ þ Pk2;h
ðvhÞ; (2)

using an iterative algorithm (see Supplementary Material) in which at

each iteration, uh (respectively, vh) is alternatively fixed, while vh (re-

spectively, uh) is constrained to be of unit-norm and where Mh ¼
ðmij;hÞi;j ¼ XT

h Yh; uh ¼ ðui;hÞi and vh ¼ ðvj;hÞj; h ¼ 1; . . . ;H. The

penalizations Pk1;h
ðuhÞ ¼

Pp
i¼1 2kh

1jui;hj and Pk2;h
ðvhÞ ¼

Pq
j¼1 2kh

2jvj;hj
are introduced to penalize the loading vectors uh and vh. This proced-

ure leads to normed sparse loading vectors.

2.3 Group PLS and sparse group PLS
2.3.1 Group PLS

Let us consider that both matrices X and Z can be divided, respect-

ively, into K and L sub-matrices (groups) XðkÞ : n( pk and

ZðlÞ : n( ql, where pk (respectively, ql) is the number of covariates

in group k (respectively, l). For example, for gene expression data,

these sub-matrices may be gene pathways or factor level indicators

in categorical data. The aim is to select only a few groups of X

which are related to a few groups of Z. For each dimension h, fol-

lowing the same idea as in (Yuan and Lin, 2006), we propose to use

group lasso penalties in the optimization problem (2):

Pk1 ðuÞ ¼ k1

XK

k¼1

ffiffiffiffiffi
pk
p
jjuðkÞjj2 and Pk2 ðvÞ ¼ k2

XL

l¼1

ffiffiffiffi
ql
p jjvðlÞjj2;

where uðkÞ (respectively, vðlÞ) is the loading vector associated to the

kth (respectively, lth) block. The subscript h has been removed to im-

prove readability. The minimization criterion (2) can thus be rewrit-

ten as

XK

k¼1

XL

l¼1

jjMðk;lÞ % uðkÞvðlÞ
T

jj2F þ Pk1 ðuÞ þ Pk2 ðvÞ; (3)

where Mðk;lÞ ¼ XðkÞZðlÞ
T

. Next, we discuss optimization over u for a

fixed v. The minimization criterion (3) can be rewritten as

XK

k¼1

jjMðk;)Þ % uðkÞvTjj2F þ k1
ffiffiffiffiffi
pk
p
jjuðkÞjj2

n o
þ Pk2 ðvÞ;

where Mðk;)Þ ¼ XðkÞZT. Therefore, we can optimize over group wise

components of u separately. The first term in the above equation ex-

pands as

trace½Mðk;)ÞMðk;)ÞT ' % 2trace½uðkÞvTMðk;)ÞT ' þ trace½uðkÞuðkÞ
T

':

Hence, the optimal uðkÞ minimizes:

trace½uðkÞuðkÞ
T

' % 2trace½uðkÞvTMðk;)ÞT ' þ k1
ffiffiffiffiffi
pk
p
jjuðkÞjj2:

The objective function is convex, so the optimal solution is

characterized by subgradient equations. For group k, uðkÞ must satisfy

%2uðkÞ þ 2Mðk;)Þv ¼ k1
ffiffiffiffiffi
pk
p

h; (4)

where h is the subgradient of jjuðkÞjj2 evaluated at uðkÞ. So,

h ¼
uðkÞ

jjuðkÞjj2
if uðkÞ 6¼ 0;

2 fh : jjhjj2*1g if uðkÞ ¼ 0:

8
><

>:

We can see that subgradient Equation (4) is satisfied with uðkÞ ¼ 0 if

jjMðk;)Þvjj2*2%1k1
ffiffiffiffiffi
pk
p

: (5)

For uðkÞ 6¼ 0, Equation (4) gives

%2uðkÞ þ 2Mðk;)Þv ¼ k1
ffiffiffiffiffi
pk
p uðkÞ

jjuðkÞjj2
: (6)

Combining Equations (5) and (6), we find:

uðkÞ ¼ 1% k1

2

ffiffiffiffiffi
pk
p

jjMðk;)Þvjj2

 !

þ

Mðk;)Þv: (7)

In the same vein, optimization over v for a fixed u is also obtained

by optimizing over group wise components:

vðlÞ ¼ 1% k2

2

ffiffiffiffi
ql
p

jjMð);lÞT ujj2

 !

þ

Mð);lÞT u: (8)

Sparse group PLS 3

where FX and FZ are the residual matrices and where the ðhþ 1Þth col-

umns of C and E contain, respectively, the coefficients from the simple

regressions of each column of the current deflated matrices Xh ¼ Xh%1

%nhcT
h and Zh ¼ Zh%1 % xheT

h onto the score vectors nhþ1 and xhþ1.

PLS relates both matrices by maximizing the covariance between

each pair of scores ðnh ¼ Xh%1uh;xh ¼ Zh%1vhÞ:

argmaxjjuh jj2¼jjvh jj2¼1 CovðXhuh;ZhvhÞ; h ¼ 1; . . . ;H: (1)

This PLS form is often referred to as ‘PLS mode A’ in the literature

(Vinzi et al., 2010) where, similarly to CCA, the relationship be-

tween the two datasets is symmetric. A variant is an asymmetric

way (‘PLS2’, Wegelin, 2000; Wold et al., 1983) of deflating Z and in

this case the model consequently differs: Z ¼ NDT þ FZ, where FZ

is a residual matrix and where the ðhþ 1Þth column in D contains

the coefficients from the local regressions of each column of the cur-

rent deflated matrix Zh ¼ Zh%1 % nhdT
h onto the score vector nhþ1.

2.2.2 Sparse PLS

The sPLS enables variable selection from both sets by including L1

penalizations on both uh and vh simultaneously in (1), which is solved

with a Lagrangian form (see Lê Cao et al. 2008, 2009). The result is a

subset of correlated variables from both X and Z indicated through

the non-zero elements of the loading vectors uh and vh, respectively

(for each PLS dimension h) and a set of score vectors ðnh;xhÞ which

are useful for graphical representations. Let us consider the singular

value decomposition of the r-rank matrix M ¼ XTZ: M ¼ UDVT;

where U ¼ ½u1; . . . ;ur' : p( r and V ¼ ½v1; . . . ; vr' : q( r are ortho-

normal and where D is a diagonal matrix containing the singular val-

ues dk. The column vectors of U and V are the PLS loadings of X and

Z. It is worth noting that ðu1; v1Þ is also solution of (1) when h¼1.

Moreover, by Eckart–Young’s theorem, these two vectors can also be

obtained by first solving (for ~u and ~v, without a norm constraint) the

minimization problem

min
~u ;~v
jjXTZ% ~u~vTjj2F ¼ jjX

TZ% ~u1~vT
1 jj

2
F ¼ jjX

TZ% d1u1vT
1 jj

2
F;

followed by a norming step of the vectors found. We thus have

ðu1; v1Þ ¼ ð~u1=jj~u1jj2; ~v1=jj~v1jj2Þ. This is equivalent to solve

min
jj~u jj2¼1;~v

jjXTZ% ~u~vTjj2F ðrespectively;min~u ;jj~v jj2¼1jjX
TZ% ~u~vTjj2FÞ

followed by norming ~v (respectively, ~u). To obtain sPLS loadings,

Lê Cao et al. (2008) followed this idea, similar to the one imple-

mented by Shen and Huang (2008) to develop sparse PCA. In sPLS,

one tries to optimize

min
uh ;vh

jjMh % uhvT
h jj

2
F þ Pk1;h

ðuhÞ þ Pk2;h
ðvhÞ; (2)

using an iterative algorithm (see Supplementary Material) in which at

each iteration, uh (respectively, vh) is alternatively fixed, while vh (re-

spectively, uh) is constrained to be of unit-norm and where Mh ¼
ðmij;hÞi;j ¼ XT

h Yh; uh ¼ ðui;hÞi and vh ¼ ðvj;hÞj; h ¼ 1; . . . ;H. The

penalizations Pk1;h
ðuhÞ ¼

Pp
i¼1 2kh

1jui;hj and Pk2;h
ðvhÞ ¼

Pq
j¼1 2kh

2jvj;hj
are introduced to penalize the loading vectors uh and vh. This proced-

ure leads to normed sparse loading vectors.

2.3 Group PLS and sparse group PLS
2.3.1 Group PLS

Let us consider that both matrices X and Z can be divided, respect-

ively, into K and L sub-matrices (groups) XðkÞ : n( pk and

ZðlÞ : n( ql, where pk (respectively, ql) is the number of covariates

in group k (respectively, l). For example, for gene expression data,

these sub-matrices may be gene pathways or factor level indicators

in categorical data. The aim is to select only a few groups of X

which are related to a few groups of Z. For each dimension h, fol-

lowing the same idea as in (Yuan and Lin, 2006), we propose to use

group lasso penalties in the optimization problem (2):

Pk1 ðuÞ ¼ k1

XK

k¼1

ffiffiffiffiffi
pk
p
jjuðkÞjj2 and Pk2 ðvÞ ¼ k2

XL

l¼1

ffiffiffiffi
ql
p jjvðlÞjj2;

where uðkÞ (respectively, vðlÞ) is the loading vector associated to the

kth (respectively, lth) block. The subscript h has been removed to im-

prove readability. The minimization criterion (2) can thus be rewrit-

ten as

XK

k¼1

XL

l¼1

jjMðk;lÞ % uðkÞvðlÞ
T

jj2F þ Pk1 ðuÞ þ Pk2 ðvÞ; (3)

where Mðk;lÞ ¼ XðkÞZðlÞ
T

. Next, we discuss optimization over u for a

fixed v. The minimization criterion (3) can be rewritten as

XK

k¼1

jjMðk;)Þ % uðkÞvTjj2F þ k1
ffiffiffiffiffi
pk
p
jjuðkÞjj2

n o
þ Pk2 ðvÞ;

where Mðk;)Þ ¼ XðkÞZT. Therefore, we can optimize over group wise

components of u separately. The first term in the above equation ex-

pands as

trace½Mðk;)ÞMðk;)ÞT ' % 2trace½uðkÞvTMðk;)ÞT ' þ trace½uðkÞuðkÞ
T

':

Hence, the optimal uðkÞ minimizes:

trace½uðkÞuðkÞ
T

' % 2trace½uðkÞvTMðk;)ÞT ' þ k1
ffiffiffiffiffi
pk
p
jjuðkÞjj2:

The objective function is convex, so the optimal solution is

characterized by subgradient equations. For group k, uðkÞ must satisfy

%2uðkÞ þ 2Mðk;)Þv ¼ k1
ffiffiffiffiffi
pk
p

h; (4)

where h is the subgradient of jjuðkÞjj2 evaluated at uðkÞ. So,

h ¼
uðkÞ

jjuðkÞjj2
if uðkÞ 6¼ 0;

2 fh : jjhjj2*1g if uðkÞ ¼ 0:

8
><

>:

We can see that subgradient Equation (4) is satisfied with uðkÞ ¼ 0 if

jjMðk;)Þvjj2*2%1k1
ffiffiffiffiffi
pk
p

: (5)

For uðkÞ 6¼ 0, Equation (4) gives

%2uðkÞ þ 2Mðk;)Þv ¼ k1
ffiffiffiffiffi
pk
p uðkÞ

jjuðkÞjj2
: (6)

Combining Equations (5) and (6), we find:

uðkÞ ¼ 1% k1

2

ffiffiffiffiffi
pk
p

jjMðk;)Þvjj2

 !

þ

Mðk;)Þv: (7)

In the same vein, optimization over v for a fixed u is also obtained

by optimizing over group wise components:

vðlÞ ¼ 1% k2

2

ffiffiffiffi
ql
p

jjMð);lÞT ujj2

 !

þ

Mð);lÞT u: (8)

Sparse group PLS 3

where FX and FZ are the residual matrices and where the ðhþ 1Þth col-

umns of C and E contain, respectively, the coefficients from the simple

regressions of each column of the current deflated matrices Xh ¼ Xh%1

%nhcT
h and Zh ¼ Zh%1 % xheT

h onto the score vectors nhþ1 and xhþ1.

PLS relates both matrices by maximizing the covariance between

each pair of scores ðnh ¼ Xh%1uh;xh ¼ Zh%1vhÞ:

argmaxjjuh jj2¼jjvh jj2¼1 CovðXhuh;ZhvhÞ; h ¼ 1; . . . ;H: (1)

This PLS form is often referred to as ‘PLS mode A’ in the literature

(Vinzi et al., 2010) where, similarly to CCA, the relationship be-

tween the two datasets is symmetric. A variant is an asymmetric

way (‘PLS2’, Wegelin, 2000; Wold et al., 1983) of deflating Z and in

this case the model consequently differs: Z ¼ NDT þ FZ, where FZ

is a residual matrix and where the ðhþ 1Þth column in D contains

the coefficients from the local regressions of each column of the cur-

rent deflated matrix Zh ¼ Zh%1 % nhdT
h onto the score vector nhþ1.

2.2.2 Sparse PLS

The sPLS enables variable selection from both sets by including L1

penalizations on both uh and vh simultaneously in (1), which is solved

with a Lagrangian form (see Lê Cao et al. 2008, 2009). The result is a

subset of correlated variables from both X and Z indicated through

the non-zero elements of the loading vectors uh and vh, respectively

(for each PLS dimension h) and a set of score vectors ðnh;xhÞ which

are useful for graphical representations. Let us consider the singular

value decomposition of the r-rank matrix M ¼ XTZ: M ¼ UDVT;

where U ¼ ½u1; . . . ;ur' : p( r and V ¼ ½v1; . . . ; vr' : q( r are ortho-

normal and where D is a diagonal matrix containing the singular val-

ues dk. The column vectors of U and V are the PLS loadings of X and

Z. It is worth noting that ðu1; v1Þ is also solution of (1) when h¼1.

Moreover, by Eckart–Young’s theorem, these two vectors can also be

obtained by first solving (for ~u and ~v, without a norm constraint) the

minimization problem

min
~u ;~v
jjXTZ% ~u~vTjj2F ¼ jjX

TZ% ~u1~vT
1 jj

2
F ¼ jjX

TZ% d1u1vT
1 jj

2
F;

followed by a norming step of the vectors found. We thus have

ðu1; v1Þ ¼ ð~u1=jj~u1jj2; ~v1=jj~v1jj2Þ. This is equivalent to solve

min
jj~u jj2¼1;~v

jjXTZ% ~u~vTjj2F ðrespectively;min~u ;jj~v jj2¼1jjX
TZ% ~u~vTjj2FÞ

followed by norming ~v (respectively, ~u). To obtain sPLS loadings,

Lê Cao et al. (2008) followed this idea, similar to the one imple-

mented by Shen and Huang (2008) to develop sparse PCA. In sPLS,

one tries to optimize

min
uh ;vh

jjMh % uhvT
h jj

2
F þ Pk1;h

ðuhÞ þ Pk2;h
ðvhÞ; (2)

using an iterative algorithm (see Supplementary Material) in which at

each iteration, uh (respectively, vh) is alternatively fixed, while vh (re-

spectively, uh) is constrained to be of unit-norm and where Mh ¼
ðmij;hÞi;j ¼ XT

h Yh; uh ¼ ðui;hÞi and vh ¼ ðvj;hÞj; h ¼ 1; . . . ;H. The

penalizations Pk1;h
ðuhÞ ¼

Pp
i¼1 2kh

1jui;hj and Pk2;h
ðvhÞ ¼

Pq
j¼1 2kh

2jvj;hj
are introduced to penalize the loading vectors uh and vh. This proced-

ure leads to normed sparse loading vectors.

2.3 Group PLS and sparse group PLS
2.3.1 Group PLS

Let us consider that both matrices X and Z can be divided, respect-

ively, into K and L sub-matrices (groups) XðkÞ : n( pk and

ZðlÞ : n( ql, where pk (respectively, ql) is the number of covariates

in group k (respectively, l). For example, for gene expression data,

these sub-matrices may be gene pathways or factor level indicators

in categorical data. The aim is to select only a few groups of X

which are related to a few groups of Z. For each dimension h, fol-

lowing the same idea as in (Yuan and Lin, 2006), we propose to use

group lasso penalties in the optimization problem (2):

Pk1 ðuÞ ¼ k1

XK

k¼1

ffiffiffiffiffi
pk
p
jjuðkÞjj2 and Pk2 ðvÞ ¼ k2

XL

l¼1

ffiffiffiffi
ql
p jjvðlÞjj2;

where uðkÞ (respectively, vðlÞ) is the loading vector associated to the

kth (respectively, lth) block. The subscript h has been removed to im-

prove readability. The minimization criterion (2) can thus be rewrit-

ten as

XK

k¼1

XL

l¼1

jjMðk;lÞ % uðkÞvðlÞ
T

jj2F þ Pk1 ðuÞ þ Pk2 ðvÞ; (3)

where Mðk;lÞ ¼ XðkÞZðlÞ
T

. Next, we discuss optimization over u for a

fixed v. The minimization criterion (3) can be rewritten as

XK

k¼1

jjMðk;)Þ % uðkÞvTjj2F þ k1
ffiffiffiffiffi
pk
p
jjuðkÞjj2

n o
þ Pk2 ðvÞ;

where Mðk;)Þ ¼ XðkÞZT. Therefore, we can optimize over group wise

components of u separately. The first term in the above equation ex-

pands as

trace½Mðk;)ÞMðk;)ÞT ' % 2trace½uðkÞvTMðk;)ÞT ' þ trace½uðkÞuðkÞ
T

':

Hence, the optimal uðkÞ minimizes:

trace½uðkÞuðkÞ
T

' % 2trace½uðkÞvTMðk;)ÞT ' þ k1
ffiffiffiffiffi
pk
p
jjuðkÞjj2:

The objective function is convex, so the optimal solution is

characterized by subgradient equations. For group k, uðkÞ must satisfy

%2uðkÞ þ 2Mðk;)Þv ¼ k1
ffiffiffiffiffi
pk
p

h; (4)

where h is the subgradient of jjuðkÞjj2 evaluated at uðkÞ. So,

h ¼
uðkÞ

jjuðkÞjj2
if uðkÞ 6¼ 0;

2 fh : jjhjj2*1g if uðkÞ ¼ 0:

8
><

>:

We can see that subgradient Equation (4) is satisfied with uðkÞ ¼ 0 if

jjMðk;)Þvjj2*2%1k1
ffiffiffiffiffi
pk
p

: (5)

For uðkÞ 6¼ 0, Equation (4) gives

%2uðkÞ þ 2Mðk;)Þv ¼ k1
ffiffiffiffiffi
pk
p uðkÞ

jjuðkÞjj2
: (6)

Combining Equations (5) and (6), we find:

uðkÞ ¼ 1% k1

2

ffiffiffiffiffi
pk
p

jjMðk;)Þvjj2

 !

þ

Mðk;)Þv: (7)

In the same vein, optimization over v for a fixed u is also obtained

by optimizing over group wise components:

vðlÞ ¼ 1% k2

2

ffiffiffiffi
ql
p

jjMð);lÞT ujj2

 !

þ

Mð);lÞT u: (8)
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where FX and FZ are the residual matrices and where the ðhþ 1Þth col-

umns of C and E contain, respectively, the coefficients from the simple

regressions of each column of the current deflated matrices Xh ¼ Xh%1

%nhcT
h and Zh ¼ Zh%1 % xheT

h onto the score vectors nhþ1 and xhþ1.

PLS relates both matrices by maximizing the covariance between

each pair of scores ðnh ¼ Xh%1uh;xh ¼ Zh%1vhÞ:

argmaxjjuh jj2¼jjvh jj2¼1 CovðXhuh;ZhvhÞ; h ¼ 1; . . . ;H: (1)

This PLS form is often referred to as ‘PLS mode A’ in the literature

(Vinzi et al., 2010) where, similarly to CCA, the relationship be-

tween the two datasets is symmetric. A variant is an asymmetric

way (‘PLS2’, Wegelin, 2000; Wold et al., 1983) of deflating Z and in

this case the model consequently differs: Z ¼ NDT þ FZ, where FZ

is a residual matrix and where the ðhþ 1Þth column in D contains

the coefficients from the local regressions of each column of the cur-

rent deflated matrix Zh ¼ Zh%1 % nhdT
h onto the score vector nhþ1.

2.2.2 Sparse PLS

The sPLS enables variable selection from both sets by including L1

penalizations on both uh and vh simultaneously in (1), which is solved

with a Lagrangian form (see Lê Cao et al. 2008, 2009). The result is a

subset of correlated variables from both X and Z indicated through

the non-zero elements of the loading vectors uh and vh, respectively

(for each PLS dimension h) and a set of score vectors ðnh;xhÞ which

are useful for graphical representations. Let us consider the singular

value decomposition of the r-rank matrix M ¼ XTZ: M ¼ UDVT;

where U ¼ ½u1; . . . ;ur' : p( r and V ¼ ½v1; . . . ; vr' : q( r are ortho-

normal and where D is a diagonal matrix containing the singular val-

ues dk. The column vectors of U and V are the PLS loadings of X and

Z. It is worth noting that ðu1; v1Þ is also solution of (1) when h¼1.

Moreover, by Eckart–Young’s theorem, these two vectors can also be

obtained by first solving (for ~u and ~v, without a norm constraint) the

minimization problem

min
~u ;~v
jjXTZ% ~u~vTjj2F ¼ jjX

TZ% ~u1~vT
1 jj

2
F ¼ jjX

TZ% d1u1vT
1 jj

2
F;

followed by a norming step of the vectors found. We thus have

ðu1; v1Þ ¼ ð~u1=jj~u1jj2; ~v1=jj~v1jj2Þ. This is equivalent to solve

min
jj~u jj2¼1;~v

jjXTZ% ~u~vTjj2F ðrespectively;min~u ;jj~v jj2¼1jjX
TZ% ~u~vTjj2FÞ

followed by norming ~v (respectively, ~u). To obtain sPLS loadings,

Lê Cao et al. (2008) followed this idea, similar to the one imple-

mented by Shen and Huang (2008) to develop sparse PCA. In sPLS,

one tries to optimize

min
uh ;vh

jjMh % uhvT
h jj

2
F þ Pk1;h

ðuhÞ þ Pk2;h
ðvhÞ; (2)

using an iterative algorithm (see Supplementary Material) in which at

each iteration, uh (respectively, vh) is alternatively fixed, while vh (re-

spectively, uh) is constrained to be of unit-norm and where Mh ¼
ðmij;hÞi;j ¼ XT

h Yh; uh ¼ ðui;hÞi and vh ¼ ðvj;hÞj; h ¼ 1; . . . ;H. The

penalizations Pk1;h
ðuhÞ ¼

Pp
i¼1 2kh

1jui;hj and Pk2;h
ðvhÞ ¼

Pq
j¼1 2kh

2jvj;hj
are introduced to penalize the loading vectors uh and vh. This proced-

ure leads to normed sparse loading vectors.

2.3 Group PLS and sparse group PLS
2.3.1 Group PLS

Let us consider that both matrices X and Z can be divided, respect-

ively, into K and L sub-matrices (groups) XðkÞ : n( pk and

ZðlÞ : n( ql, where pk (respectively, ql) is the number of covariates

in group k (respectively, l). For example, for gene expression data,

these sub-matrices may be gene pathways or factor level indicators

in categorical data. The aim is to select only a few groups of X

which are related to a few groups of Z. For each dimension h, fol-

lowing the same idea as in (Yuan and Lin, 2006), we propose to use

group lasso penalties in the optimization problem (2):

Pk1 ðuÞ ¼ k1

XK

k¼1

ffiffiffiffiffi
pk
p
jjuðkÞjj2 and Pk2 ðvÞ ¼ k2

XL

l¼1

ffiffiffiffi
ql
p jjvðlÞjj2;

where uðkÞ (respectively, vðlÞ) is the loading vector associated to the

kth (respectively, lth) block. The subscript h has been removed to im-

prove readability. The minimization criterion (2) can thus be rewrit-

ten as

XK

k¼1

XL

l¼1

jjMðk;lÞ % uðkÞvðlÞ
T

jj2F þ Pk1 ðuÞ þ Pk2 ðvÞ; (3)

where Mðk;lÞ ¼ XðkÞZðlÞ
T

. Next, we discuss optimization over u for a

fixed v. The minimization criterion (3) can be rewritten as

XK

k¼1

jjMðk;)Þ % uðkÞvTjj2F þ k1
ffiffiffiffiffi
pk
p
jjuðkÞjj2

n o
þ Pk2 ðvÞ;

where Mðk;)Þ ¼ XðkÞZT. Therefore, we can optimize over group wise

components of u separately. The first term in the above equation ex-

pands as

trace½Mðk;)ÞMðk;)ÞT ' % 2trace½uðkÞvTMðk;)ÞT ' þ trace½uðkÞuðkÞ
T

':

Hence, the optimal uðkÞ minimizes:

trace½uðkÞuðkÞ
T

' % 2trace½uðkÞvTMðk;)ÞT ' þ k1
ffiffiffiffiffi
pk
p
jjuðkÞjj2:

The objective function is convex, so the optimal solution is

characterized by subgradient equations. For group k, uðkÞ must satisfy

%2uðkÞ þ 2Mðk;)Þv ¼ k1
ffiffiffiffiffi
pk
p

h; (4)

where h is the subgradient of jjuðkÞjj2 evaluated at uðkÞ. So,

h ¼
uðkÞ

jjuðkÞjj2
if uðkÞ 6¼ 0;

2 fh : jjhjj2*1g if uðkÞ ¼ 0:

8
><

>:

We can see that subgradient Equation (4) is satisfied with uðkÞ ¼ 0 if

jjMðk;)Þvjj2*2%1k1
ffiffiffiffiffi
pk
p

: (5)

For uðkÞ 6¼ 0, Equation (4) gives

%2uðkÞ þ 2Mðk;)Þv ¼ k1
ffiffiffiffiffi
pk
p uðkÞ

jjuðkÞjj2
: (6)

Combining Equations (5) and (6), we find:

uðkÞ ¼ 1% k1

2

ffiffiffiffiffi
pk
p

jjMðk;)Þvjj2

 !

þ

Mðk;)Þv: (7)

In the same vein, optimization over v for a fixed u is also obtained

by optimizing over group wise components:

vðlÞ ¼ 1% k2

2

ffiffiffiffi
ql
p

jjMð);lÞT ujj2

 !

þ

Mð);lÞT u: (8)
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Choice of penalty by 5-fold cross 
validation of MSEP*

* MSEP: Mean Square Error of 
Prediction

Sparse Group PLS

Fig. 11. Sequential choice of the tuning parameters of the sPLS for the first three components using MSEP estimated by the average of 10 times 5-folds
cross-validation. First component (top left panel), second component (top right panel) and third component (bottom panel). Minimum of MSEP is reached
with 300 genes for the first component, 80 genes for the second and 40 genes are chosen for the third component according to the variability of the estimated
MSEP presented in the bottom right panel.
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Fig. 12. Sequential choice of the tuning parameters of the gPLS for the first three components using MSEP estimated by the average of 10 times 5-folds
cross-validation. First component (top left panel), second component (top right panel) and third component (bottom panels). Minimum of MSEP is reached
with 15 groups for the first component, 2 groups for the second and one group is chosen for the third component according to the variability of the estimated
MSEP presented in the bottom right panel.

10

Sparse Group PLS

Fig. 13. Sequential choice of the tuning parameters of the sgPLS for the first three components using MSEP estimated by the average of 10 times 5-folds
cross-validation. First component (top left panel), second component (top right panel) and third component (bottom panel). Minimum of MSEP is reached
with 17 groups and ↵ = 0.05 for the first component, 4 groups for the second with ↵ = 0.5 and we choose 2 groups for the third component with ↵ = 0.3
(to get a parsimonious model in terms of modules).
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