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Structure of the proofs:

• Derivation of an error representation formula using duality;
• Use of Galerkin orthogonality;

• Local interpolation error estimates for the dual solution;
• Stability estimates for the dual problem.

|J(u) � J(uh)| �
�

��Th

|(R(uh), z � zh)�|
<latexit sha1_base64="p0yGdd+Zhyd5vTx7QPKnk9+LK6k="></latexit><latexit sha1_base64="p0yGdd+Zhyd5vTx7QPKnk9+LK6k="></latexit><latexit sha1_base64="p0yGdd+Zhyd5vTx7QPKnk9+LK6k="></latexit><latexit sha1_base64="p0yGdd+Zhyd5vTx7QPKnk9+LK6k="></latexit>

� (Weighted) Type I Error Bound
<latexit sha1_base64="wQsqc7Fz35PnH3mJokogyLZ/+AI="></latexit><latexit sha1_base64="wQsqc7Fz35PnH3mJokogyLZ/+AI="></latexit><latexit sha1_base64="wQsqc7Fz35PnH3mJokogyLZ/+AI="></latexit><latexit sha1_base64="wQsqc7Fz35PnH3mJokogyLZ/+AI="></latexit>

Becker & Rannacher 1996, Rannacher et al. 1996 …

|J(u) � J(uh)| � CintCstab�(h/p)sR(uh)�, s > 0
<latexit sha1_base64="lxWGRAcLX99u6XfuQdk+xufE/T4="></latexit><latexit sha1_base64="lxWGRAcLX99u6XfuQdk+xufE/T4="></latexit><latexit sha1_base64="lxWGRAcLX99u6XfuQdk+xufE/T4="></latexit><latexit sha1_base64="FDwaqupv3Ltw7TieBD0UqpVREWI="></latexit><latexit sha1_base64="lHM9myvRBY1X1HZuyYN+QQz2VOM="></latexit><latexit sha1_base64="lHM9myvRBY1X1HZuyYN+QQz2VOM="></latexit><latexit sha1_base64="QoWiuJx/s3UM/QGT8SUGO5t0+XI="></latexit><latexit sha1_base64="lxWGRAcLX99u6XfuQdk+xufE/T4="></latexit><latexit sha1_base64="lxWGRAcLX99u6XfuQdk+xufE/T4="></latexit><latexit sha1_base64="lxWGRAcLX99u6XfuQdk+xufE/T4="></latexit><latexit sha1_base64="lxWGRAcLX99u6XfuQdk+xufE/T4="></latexit><latexit sha1_base64="lxWGRAcLX99u6XfuQdk+xufE/T4="></latexit><latexit sha1_base64="lxWGRAcLX99u6XfuQdk+xufE/T4="></latexit>

� (Unweighted) Type II Error Bound
<latexit sha1_base64="0i5f/iCz40976pZocq0YAv4brlM="></latexit><latexit sha1_base64="0i5f/iCz40976pZocq0YAv4brlM="></latexit><latexit sha1_base64="0i5f/iCz40976pZocq0YAv4brlM="></latexit><latexit sha1_base64="0i5f/iCz40976pZocq0YAv4brlM="></latexit>

Johnson et al. 1995 … 
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Transport Equation

Consider the PDE problem

Lu � � · (bu) = f, x � �,

u = g, x � ���.
<latexit sha1_base64="OkRkGcisQ4zJrLiLNsGLw3ZZ4j8="></latexit><latexit sha1_base64="OkRkGcisQ4zJrLiLNsGLw3ZZ4j8="></latexit><latexit sha1_base64="OkRkGcisQ4zJrLiLNsGLw3ZZ4j8="></latexit><latexit sha1_base64="OkRkGcisQ4zJrLiLNsGLw3ZZ4j8="></latexit>
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DGFEM Discretization

Find uh � Vp(Th) such that

Ah(uh, vh) = �(vh) �vh � Vp(Th),

where

Ah(uh, vh) =
�

��Th

�
�

�

�
(buh) · �vhdx

+

�

�+�
(b · n�) u+

h v+h ds +

�

���\��
(b · n�) u�

h v+h ds

�
,

�(vh) =
�

��Th

��

�
fvhdx �

�

������
(b · n�) g v+h ds

�
.

<latexit sha1_base64="qEWElgEIIgBPZ5+jKHG55kMDuCI="></latexit><latexit sha1_base64="qEWElgEIIgBPZ5+jKHG55kMDuCI="></latexit><latexit sha1_base64="qEWElgEIIgBPZ5+jKHG55kMDuCI="></latexit><latexit sha1_base64="qEWElgEIIgBPZ5+jKHG55kMDuCI="></latexit>
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Dual Problem

Find z such that

Ah(v, z) = J(v) �v,

where J(·) is a given linear functional.
<latexit sha1_base64="wbZuv778Af/4fFoGUcDhbleR300="></latexit><latexit sha1_base64="wbZuv778Af/4fFoGUcDhbleR300="></latexit><latexit sha1_base64="wbZuv778Af/4fFoGUcDhbleR300="></latexit><latexit sha1_base64="wbZuv778Af/4fFoGUcDhbleR300="></latexit>

• Outflow flux: J(u) =
�

�+�(b · nu)� ds, � � L2(�+�).

L�z � �b · �z = 0 in � ,

z = � on �+� .
<latexit sha1_base64="MLMabo25XB8/TemnHgftsz0B21A="></latexit><latexit sha1_base64="MLMabo25XB8/TemnHgftsz0B21A="></latexit><latexit sha1_base64="MLMabo25XB8/TemnHgftsz0B21A="></latexit><latexit sha1_base64="MLMabo25XB8/TemnHgftsz0B21A="></latexit>

• Meanflow functional: J(u) =
�
� u� dx, � � L2(�).

L�z � �b · �z = � in � ,

z = 0 on �+� .
<latexit sha1_base64="ScXASUetkL/DORvPQMLRExpnAMs="></latexit><latexit sha1_base64="ScXASUetkL/DORvPQMLRExpnAMs="></latexit><latexit sha1_base64="ScXASUetkL/DORvPQMLRExpnAMs="></latexit><latexit sha1_base64="ScXASUetkL/DORvPQMLRExpnAMs="></latexit>
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Dual Problem �= Adjoint Problem
<latexit sha1_base64="3YE4G8JpOq2+3bqBMAdvFNjK3w0="></latexit><latexit sha1_base64="3YE4G8JpOq2+3bqBMAdvFNjK3w0="></latexit><latexit sha1_base64="3YE4G8JpOq2+3bqBMAdvFNjK3w0="></latexit><latexit sha1_base64="3YE4G8JpOq2+3bqBMAdvFNjK3w0="></latexit>

• Artificial Viscosity:
Discretization: find uh � Vp(Th) such that

Ah(uh, vh) � Ah(uh, vh) +
�

��Th

�

�
��uh · �vhdx = �(vh) �vh � Vp(Th).

Dual Problem: find z such that

A(v, z) = J(v) �v,

�b · �z � � · (��z) = � in � ,

z + �n · �z = 0 on �+�, �n · �z = 0 on ���.
<latexit sha1_base64="spSkkGmVpBLE3pXPo29liBuJDQ4=">AAAF2nichVTfj9tEEHYvhBbzoy08IV5G3LVKOCdKygNVpYOeqNSCkDgEd610G0Xr9SZeZb3r7o8oF8t54A3xyl/Cf8N/w9hOyjl3EitFGn8z883Mt7OJcymsG43+uXPQea/7/t17H4QffvTxJ/cfPPz0wmpvGD9nWmrzJqaWS6H4uRNO8je54TSLJX8dL76v/K+X3Fih1W/uKueTjM6VmAlGHULThwd/E6WFSrhyUJCEmgU3sf </latexit><latexit sha1_base64="spSkkGmVpBLE3pXPo29liBuJDQ4=">AAAF2nichVTfj9tEEHYvhBbzoy08IV5G3LVKOCdKygNVpYOeqNSCkDgEd610G0Xr9SZeZb3r7o8oF8t54A3xyl/Cf8N/w9hOyjl3EitFGn8z883Mt7OJcymsG43+uXPQea/7/t17H4QffvTxJ/cfPPz0wmpvGD9nWmrzJqaWS6H4uRNO8je54TSLJX8dL76v/K+X3Fih1W/uKueTjM6VmAlGHULThwd/E6WFSrhyUJCEmgU3sf </latexit><latexit sha1_base64="spSkkGmVpBLE3pXPo29liBuJDQ4=">AAAF2nichVTfj9tEEHYvhBbzoy08IV5G3LVKOCdKygNVpYOeqNSCkDgEd610G0Xr9SZeZb3r7o8oF8t54A3xyl/Cf8N/w9hOyjl3EitFGn8z883Mt7OJcymsG43+uXPQea/7/t17H4QffvTxJ/cfPPz0wmpvGD9nWmrzJqaWS6H4uRNO8je54TSLJX8dL76v/K+X3Fih1W/uKueTjM6VmAlGHULThwd/E6WFSrhyUJCEmgU3sf </latexit><latexit sha1_base64="spSkkGmVpBLE3pXPo29liBuJDQ4=">AAAF2nichVTfj9tEEHYvhBbzoy08IV5G3LVKOCdKygNVpYOeqNSCkDgEd610G0Xr9SZeZb3r7o8oF8t54A3xyl/Cf8N/w9hOyjl3EitFGn8z883Mt7OJcymsG43+uXPQea/7/t17H4QffvTxJ/cfPPz0wmpvGD9nWmrzJqaWS6H4uRNO8je54TSLJX8dL76v/K+X3Fih1W/uKueTjM6VmAlGHULThwd/E6WFSrhyUJCEmgU3sf </latexit>
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Dual Problem �= Adjoint Problem
<latexit sha1_base64="3YE4G8JpOq2+3bqBMAdvFNjK3w0="></latexit><latexit sha1_base64="3YE4G8JpOq2+3bqBMAdvFNjK3w0="></latexit><latexit sha1_base64="3YE4G8JpOq2+3bqBMAdvFNjK3w0="></latexit><latexit sha1_base64="3YE4G8JpOq2+3bqBMAdvFNjK3w0="></latexit>

• SUPG Stabilization:
Discretization: find uh � Vp(Th) such that

Ah(uh, vh) � Ah(uh, vh) +
�

��Th

�

�
�LuhLvhdx = �(vh) +

�

��Th

�

�
f�Lvhdx �vh.

Dual Problem: find z such that

A(v, z) = J(v) �v,

L�(z + �Lz) = � in � ,

z + �Lz = 0 on �+�, Lz = 0 on ���.
<latexit sha1_base64="4lUwH5lfuvT5uqB20awrtabKaqY=">AAAF5HicjVRbaxtHFN5YUZtuL7n0sS+H2A1StBZSSkkoOCQk4LYE6tZ1EvCoYnb2SDto9pK5CFnL+hf0rfS1v6R/pP+mZ1eS0coudGDhzHfmO5dvzmyYK2nsYPDPrb3W7fZHH9/5xP/0s8+/uHvv/oO3JnNa4JnIVKbfh9ygkimeWWkVvs818iRU+C6cvar87+aojczSX+1FjqOET1M5kYJbgsb39/5maSbTCFMLBYu4nqEOlU </latexit><latexit sha1_base64="4lUwH5lfuvT5uqB20awrtabKaqY=">AAAF5HicjVRbaxtHFN5YUZtuL7n0sS+H2A1StBZSSkkoOCQk4LYE6tZ1EvCoYnb2SDto9pK5CFnL+hf0rfS1v6R/pP+mZ1eS0coudGDhzHfmO5dvzmyYK2nsYPDPrb3W7fZHH9/5xP/0s8+/uHvv/oO3JnNa4JnIVKbfh9ygkimeWWkVvs818iRU+C6cvar87+aojczSX+1FjqOET1M5kYJbgsb39/5maSbTCFMLBYu4nqEOlU </latexit><latexit sha1_base64="4lUwH5lfuvT5uqB20awrtabKaqY=">AAAF5HicjVRbaxtHFN5YUZtuL7n0sS+H2A1StBZSSkkoOCQk4LYE6tZ1EvCoYnb2SDto9pK5CFnL+hf0rfS1v6R/pP+mZ1eS0coudGDhzHfmO5dvzmyYK2nsYPDPrb3W7fZHH9/5xP/0s8+/uHvv/oO3JnNa4JnIVKbfh9ygkimeWWkVvs818iRU+C6cvar87+aojczSX+1FjqOET1M5kYJbgsb39/5maSbTCFMLBYu4nqEOlU </latexit><latexit sha1_base64="4lUwH5lfuvT5uqB20awrtabKaqY=">AAAF5HicjVRbaxtHFN5YUZtuL7n0sS+H2A1StBZSSkkoOCQk4LYE6tZ1EvCoYnb2SDto9pK5CFnL+hf0rfS1v6R/pP+mZ1eS0coudGDhzHfmO5dvzmyYK2nsYPDPrb3W7fZHH9/5xP/0s8+/uHvv/oO3JnNa4JnIVKbfh9ygkimeWWkVvs818iRU+C6cvar87+aojczSX+1FjqOET1M5kYJbgsb39/5maSbTCFMLBYu4nqEOlU </latexit>

For further details, see H. 2017.
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J(u) � J(uh) = J(u � uh)
<latexit sha1_base64="mZdPNwgRDTH2e8kWwse+YeqHus4="></latexit><latexit sha1_base64="mZdPNwgRDTH2e8kWwse+YeqHus4="></latexit><latexit sha1_base64="mZdPNwgRDTH2e8kWwse+YeqHus4="></latexit><latexit sha1_base64="mZdPNwgRDTH2e8kWwse+YeqHus4="></latexit>

= Ah(u � uh, z)
<latexit sha1_base64="SeTwGxiu4vnVcPKNYr4s2SxKqbc="></latexit><latexit sha1_base64="SeTwGxiu4vnVcPKNYr4s2SxKqbc="></latexit><latexit sha1_base64="SeTwGxiu4vnVcPKNYr4s2SxKqbc="></latexit><latexit sha1_base64="SeTwGxiu4vnVcPKNYr4s2SxKqbc="></latexit>

= Ah(u � uh, z � zh)
<latexit sha1_base64="khBC43/6TG0/kNM0iLC2PO9o2a4="></latexit><latexit sha1_base64="khBC43/6TG0/kNM0iLC2PO9o2a4="></latexit><latexit sha1_base64="khBC43/6TG0/kNM0iLC2PO9o2a4="></latexit><latexit sha1_base64="khBC43/6TG0/kNM0iLC2PO9o2a4="></latexit>

= �(z � zh) � Ah(uh, z � zh)
<latexit sha1_base64="QiztwW4Tza1yiCS+Rlaqhk6dJy8="></latexit><latexit sha1_base64="QiztwW4Tza1yiCS+Rlaqhk6dJy8="></latexit><latexit sha1_base64="QiztwW4Tza1yiCS+Rlaqhk6dJy8="></latexit><latexit sha1_base64="QiztwW4Tza1yiCS+Rlaqhk6dJy8="></latexit>

=
�

��Th

��

�
(f � � · (buh))(z � zh)dx

<latexit sha1_base64="/Qzu1GH9f9EtAL7jn+QTJFlN00c="></latexit><latexit sha1_base64="/Qzu1GH9f9EtAL7jn+QTJFlN00c="></latexit><latexit sha1_base64="/Qzu1GH9f9EtAL7jn+QTJFlN00c="></latexit><latexit sha1_base64="/Qzu1GH9f9EtAL7jn+QTJFlN00c="></latexit>

+

�

���\��
b · n�(u+

h � u�
h )(z � zh)+ds

<latexit sha1_base64="C8vEdj1lv2eaiQB+ZkeRmso8njY="></latexit><latexit sha1_base64="C8vEdj1lv2eaiQB+ZkeRmso8njY="></latexit><latexit sha1_base64="C8vEdj1lv2eaiQB+ZkeRmso8njY="></latexit><latexit sha1_base64="C8vEdj1lv2eaiQB+ZkeRmso8njY="></latexit>

+

�

������
b · n�(u+

h � g)(z � zh)+ds

�

<latexit sha1_base64="BtQC5kCdwx2OzEmoOfSFQLk9d1A="></latexit><latexit sha1_base64="BtQC5kCdwx2OzEmoOfSFQLk9d1A="></latexit><latexit sha1_base64="BtQC5kCdwx2OzEmoOfSFQLk9d1A="></latexit><latexit sha1_base64="BtQC5kCdwx2OzEmoOfSFQLk9d1A="></latexit>

�
�

��Th

��.
<latexit sha1_base64="db8kABor+KoPC8VLamGMvw5xZrg="></latexit><latexit sha1_base64="db8kABor+KoPC8VLamGMvw5xZrg="></latexit><latexit sha1_base64="db8kABor+KoPC8VLamGMvw5xZrg="></latexit><latexit sha1_base64="db8kABor+KoPC8VLamGMvw5xZrg="></latexit>

Dual Problem

Linearity

Galerkin Orthogonality

Consistency
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Proposition 1

Assuming the dual problem is well-posed, the following result holds:

|J(u) � J(uh)| �
�

��Th

�(I)
�,

where �(I)
� = |��| and

�� =

�

�
(f � � · (buh))(z � zh)dx

+

�

���\��
b · n�(u+

h � u�
h )(z � zh)

+ds,

+

�

������
b · n�(u+

h � g)(z � zh)
+ds.

<latexit sha1_base64="TVwBFrIDapjMRTYXInLSW2TIOIs="></latexit><latexit sha1_base64="TVwBFrIDapjMRTYXInLSW2TIOIs="></latexit><latexit sha1_base64="TVwBFrIDapjMRTYXInLSW2TIOIs="></latexit><latexit sha1_base64="TVwBFrIDapjMRTYXInLSW2TIOIs="></latexit>
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Lemma 16 (Assume h-Version FEM on standard meshes)

Given � � Th, suppose that v|� � Hk�(�), 0 � k� � p + 1. Then,
there exists �pv in the finite element space Vp(Th), such that

�v � �pv�L2(�) + h1/2� �v � �pv�L2(��) � CIhk�
� �v�Hk� (�),

where CI is a positive constant, independent of the mesh size h.
<latexit sha1_base64="rI5khToN5/K1jMXuDB3sfwUqX6A="></latexit><latexit sha1_base64="rI5khToN5/K1jMXuDB3sfwUqX6A="></latexit><latexit sha1_base64="rI5khToN5/K1jMXuDB3sfwUqX6A="></latexit><latexit sha1_base64="rI5khToN5/K1jMXuDB3sfwUqX6A="></latexit>

Babuska & Suri 1987


