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Structure of the proofs:

* Derivation of an error representation formula using duality;
* Use of Galerkin orthogonality;

J(u) —J(un)| < > |(R(un),z — z4)

KETh

= (Weighted) Type | Error Bound
Becker & Rannacher 1996, Rannacher et al. 1996 ...

* Local interpolation error estimates for the dual solution;
* Stability estimates for the dual problem.

J(u) = J(un)| < CintCstan|[(h/p)°R(un)|, s>0

= (Unweighted) Type Il Error Bound

Johnson et al. 1995 ...
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Transport Equation

Consider the PDE problem

Lu=V-(bu) = f, xe€q,
e — P os S MG
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DGFEM Discretization

Find u, € VP(7},) such that

Ah(uh,vh) = f(Vh) \V/Vh & Vp(,ﬁ‘,)7

where
Ah(uh,vh) — Z {—/(buh) g VVth
KETh i
/ (b - n,)u v, ds / (b-n,)u, vidsy,
Ot K 0_ k\ OS2
Uim) = Z X /fvhdx—/ (b-n,)gvids .
K/Eﬂ . K 8_11089 )
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Dual Problem

Find z such that

An(v,z) =J(v) Wy,

where J(-) is a given linear functional.

e Outflow flux: J(u fa+ (b-nu)yds, 1 € L*(0,0).

L'z2=-Db-Vz = 0inQ,
z = Y ondyf).

e Meanflow functional: J(u fQ uy dx, ¢ € L2(Q).

L'z2=—-b-Vz = 9 in{Q,
Z = Oon6’+§2.

|77



. o . . b | The Uniyersitg of
A Posteriori Error Estimation ,t' Nottingham

UNITED KINGDOM - CHINA - MALAYSIA

Dual Problem # Adjoint Problem

e Artificial Viscosity:
Discretization: find u, € VP(7},) such that

Ap(up, vi) = Ap(up, vi) + Z /6Vuh - Vvpdx = L(vy) Vv, € VP(T}).

KETh &

Dual Problem: find z such that
Alv,z) =J(v) Vv,

—b-Vz-V.(eVz) = o inQ,
z4+en-Vz=0 ond,;§), en-Vz 0 on 0_).
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Dual Problem # Adjoint Problem

e SUPG Stabilization:
Discretization: find u, € VP(7}) such that

Ah(uh,vh) — Ah(uh, Vh) + Z /5£Uh£Vth m— K(Vh) —+ Z /f5£Vth VVh.

KET, Y kETy ¥

Dual Problem: find z such that
Alv,z) =J(v) Vv,

L(z+0Lz)
z+0Lz=0 on 0,0, Lz

Y in §2,
0 on 0_f).

For further details, see H.2017.
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J(u) — J(up) = J(u — up) Linearity
= Ap(u — up, z) Dual Problem
= Ap(u — up,z — zp) Galerkin Orthogonality
= l(z — zp) — Ap(up, z — zp) Consistency
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Proposition |

Assuming the dual problem is well-posed, the following result holds:

where n® = |n,| and
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Lemma |6 (Assume h-Version FEM on standard meshes)

Given x € Tj, suppose that v|, € H*(k), 0 < k., < p + I. Then,
there exists I1,v in the finite element space VP(7}), such that

v — HPVHB(/{) BE h,L-,/ZHV = HPVHLZ(aH,) < Czhlff HVHka«:(K,),
where C7 is a positive constant, independent of the mesh size h.

Babuska & Suri 1987

182



