
DGFEM vs CGFEM (Cangiani, Georgoulis, & H. 2014)
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Chemically Reacting Flow Example 
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Outline

Discontinuous Galerkin FEMs
First-order Hyperbolic PDEs
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FEMs for Hyperbolic PDEs
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Transport Equation

Inflow/Outflow boundaries

Consider the PDE problem

b · �u = f, x � �,

u = g, x � ���.
<latexit sha1_base64="h/33uHnxDjxpC2cUJnXD0K+WUeU="></latexit><latexit sha1_base64="h/33uHnxDjxpC2cUJnXD0K+WUeU="></latexit><latexit sha1_base64="h/33uHnxDjxpC2cUJnXD0K+WUeU="></latexit><latexit sha1_base64="h/33uHnxDjxpC2cUJnXD0K+WUeU="></latexit>

We define the inflow and outflow boundaries ��� and �+�, respectively, by
��� = {x � �� : b(x) · n(x) < 0} ,

�+� = {x � �� : b(x) · n(x) � 0} .
<latexit sha1_base64="D8vMfst4CRf4T4u4N0wSe4KU/kg="></latexit><latexit sha1_base64="D8vMfst4CRf4T4u4N0wSe4KU/kg="></latexit><latexit sha1_base64="D8vMfst4CRf4T4u4N0wSe4KU/kg="></latexit><latexit sha1_base64="D8vMfst4CRf4T4u4N0wSe4KU/kg="></latexit>
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• Standard Galerkin with strongly imposed boundary conditions.

• Standard Galerkin with weakly imposed boundary conditions.

• Th is a non-degenerate mesh consisting of elements of granularity h.
<latexit sha1_base64="6nF5JpD6X6bvaUMxfviFGPGslDs="></latexit><latexit sha1_base64="6nF5JpD6X6bvaUMxfviFGPGslDs="></latexit><latexit sha1_base64="6nF5JpD6X6bvaUMxfviFGPGslDs="></latexit><latexit sha1_base64="6nF5JpD6X6bvaUMxfviFGPGslDs="></latexit>

Elements

• We shall consider two variants:
<latexit sha1_base64="WApNiTNndNhxNLgGi90VyGIwaRQ="></latexit><latexit sha1_base64="WApNiTNndNhxNLgGi90VyGIwaRQ="></latexit><latexit sha1_base64="WApNiTNndNhxNLgGi90VyGIwaRQ="></latexit><latexit sha1_base64="WApNiTNndNhxNLgGi90VyGIwaRQ="></latexit>

• Finite element space:

Vh = {v � H1(�) : v|� � Sp(�) �� � Th}.
<latexit sha1_base64="MJjjqUDQJYje3mdfE7mcJT5c0bQ="></latexit><latexit sha1_base64="MJjjqUDQJYje3mdfE7mcJT5c0bQ="></latexit><latexit sha1_base64="MJjjqUDQJYje3mdfE7mcJT5c0bQ="></latexit><latexit sha1_base64="MJjjqUDQJYje3mdfE7mcJT5c0bQ="></latexit>
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• Consider the following two additional finite element spaces:

Vh,E = {v � Vh : v = g on ���} ,

Vh,E0 = {v � Vh : v = 0 on ���} .
<latexit sha1_base64="B6luYe011mCNB3nzXiErxkEK4Uc="></latexit><latexit sha1_base64="B6luYe011mCNB3nzXiErxkEK4Uc="></latexit><latexit sha1_base64="B6luYe011mCNB3nzXiErxkEK4Uc="></latexit><latexit sha1_base64="B6luYe011mCNB3nzXiErxkEK4Uc="></latexit>

Standard Galerkin with strongly imposed boundary conditions

Find uh � Vh,E such that

(b · �uh, vh) = (f, vh) �vh � Vh,E0 .
<latexit sha1_base64="yVz6LndvSlv0NFcGL7zqzJMTd0E="></latexit><latexit sha1_base64="yVz6LndvSlv0NFcGL7zqzJMTd0E="></latexit><latexit sha1_base64="yVz6LndvSlv0NFcGL7zqzJMTd0E="></latexit><latexit sha1_base64="yVz6LndvSlv0NFcGL7zqzJMTd0E="></latexit>

• Here, (·, ·) denotes the standard L2(�) inner-product, i.e., given v,w � L2(�),

(v,w) =

�

�
vwdx.

<latexit sha1_base64="68LCvDgN8pt2vE8pyedFxp02daQ="></latexit><latexit sha1_base64="68LCvDgN8pt2vE8pyedFxp02daQ="></latexit><latexit sha1_base64="68LCvDgN8pt2vE8pyedFxp02daQ="></latexit><latexit sha1_base64="68LCvDgN8pt2vE8pyedFxp02daQ="></latexit>

• Variants include the streamline-diffusion/SUPG method (vh �� vh + �b · �vh, where
� = C�h, or more generally, � = C�h/p, C� > 0).

<latexit sha1_base64="mc2C0FQbYp64+JC/+bCgRNIW/lw="></latexit><latexit sha1_base64="mc2C0FQbYp64+JC/+bCgRNIW/lw="></latexit><latexit sha1_base64="mc2C0FQbYp64+JC/+bCgRNIW/lw="></latexit><latexit sha1_base64="mc2C0FQbYp64+JC/+bCgRNIW/lw="></latexit>
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Standard Galerkin with weakly imposed boundary conditions

Find uh � Vh such that

(b · �uh, vh)� < uh, vh >�= (f, vh)� < g, vh >� �vh � Vh,

where

< v,w >�=

�

���
b · n vwds,

and n denotes the unit outward normal vector on ��.
<latexit sha1_base64="FrhxHuA+1HyzKRVJyuYMSCynUr4="></latexit><latexit sha1_base64="FrhxHuA+1HyzKRVJyuYMSCynUr4="></latexit><latexit sha1_base64="FrhxHuA+1HyzKRVJyuYMSCynUr4="></latexit><latexit sha1_base64="FrhxHuA+1HyzKRVJyuYMSCynUr4="></latexit>
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• Finite Element Space:

Vh = {v � L2(�) : v|� � Sp(�) �� � Th},

where Th is the mesh.
<latexit sha1_base64="7LNQP8YAvIm3N1o01pOoK8NCeis="></latexit><latexit sha1_base64="7LNQP8YAvIm3N1o01pOoK8NCeis="></latexit><latexit sha1_base64="7LNQP8YAvIm3N1o01pOoK8NCeis="></latexit><latexit sha1_base64="7LNQP8YAvIm3N1o01pOoK8NCeis="></latexit>

• Consider a local (elementwise) FE formulation with weakly imposed bcs.
<latexit sha1_base64="F2DjqO2tFiJuNnYNYbrKNGIXwvU="></latexit><latexit sha1_base64="F2DjqO2tFiJuNnYNYbrKNGIXwvU="></latexit><latexit sha1_base64="F2DjqO2tFiJuNnYNYbrKNGIXwvU="></latexit><latexit sha1_base64="F2DjqO2tFiJuNnYNYbrKNGIXwvU="></latexit>

• Notation: for v � H1(�), we write

v+ = interior trace of v on �� taken from within �

v� = exterior trace of v on �� taken from outside �
<latexit sha1_base64="xy/FndHcgfYFaqqBUAJF43YCESk="></latexit><latexit sha1_base64="xy/FndHcgfYFaqqBUAJF43YCESk="></latexit><latexit sha1_base64="xy/FndHcgfYFaqqBUAJF43YCESk="></latexit><latexit sha1_base64="xy/FndHcgfYFaqqBUAJF43YCESk="></latexit>
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Moreover, we define

ĝ(x) =

�
u�
h (x) x � ���\��,

g(x) x � ��� � ��.
<latexit sha1_base64="myfCUs4sVQt0NqX7awP4Ho+7jME="></latexit><latexit sha1_base64="myfCUs4sVQt0NqX7awP4Ho+7jME="></latexit><latexit sha1_base64="myfCUs4sVQt0NqX7awP4Ho+7jME="></latexit><latexit sha1_base64="myfCUs4sVQt0NqX7awP4Ho+7jME="></latexit>

κ κ′
v+ v−

∂−κ

∂+κ

b

• Local FE formulation: on each � � Th, find uh � Vh such that
�

�
b · �uh vhdx �

�

���
b · n u+

h v+h ds =

�

�
f vhdx �

�

���
b · n ĝv+h ds

for all vh � Vh. Here,
<latexit sha1_base64="hebod7sA1BGFsJxFrqW0v5aLcOU="></latexit><latexit sha1_base64="hebod7sA1BGFsJxFrqW0v5aLcOU="></latexit><latexit sha1_base64="hebod7sA1BGFsJxFrqW0v5aLcOU="></latexit><latexit sha1_base64="hebod7sA1BGFsJxFrqW0v5aLcOU="></latexit>

��� = {x � �� : b(x) · n(x) < 0} ,

�+� = {x � �� : b(x) · n(x) � 0} .
<latexit sha1_base64="D7BfdSsX5x8zOIHejZsV81UFboY="></latexit><latexit sha1_base64="D7BfdSsX5x8zOIHejZsV81UFboY="></latexit><latexit sha1_base64="D7BfdSsX5x8zOIHejZsV81UFboY="></latexit><latexit sha1_base64="D7BfdSsX5x8zOIHejZsV81UFboY="></latexit>
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• Sum over all elements � � Th:
<latexit sha1_base64="s9WoomJsdDMYqTRTsc+yugPbytk="></latexit><latexit sha1_base64="s9WoomJsdDMYqTRTsc+yugPbytk="></latexit><latexit sha1_base64="s9WoomJsdDMYqTRTsc+yugPbytk="></latexit><latexit sha1_base64="s9WoomJsdDMYqTRTsc+yugPbytk="></latexit>

DGFEM

Find uh � Vh such that

�

��Th

��

�
b · �uh vhdx �

�

���\��
b · n (u+

h � u�
h )v+h ds

�
�

������
b · n u+

h v+h ds

�
=

�

��Th

��

�
f vhdx �

�

������
b · n gv+h ds

�

for all vh � Vh.
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Transport Equation in Conservative Form

Consider the PDE problem

� · (bu) = f, x � �,

u = g, x � ���.

[Assuming b is incompressible, i.e., � · b = 0, the conservative and
non-conservative forms are equivalent.]
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