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e Local weak formulation: on each k € 7, find ul,, such that

— /(bu) - Vvdx + / (bu™) -n,vtds = 0.
K 0K
e Inter-element continuity and bcs weakly enforced:

—/(bu) - Vvdx+ [ Hu",u",n)vT ds:/fvdx.
K Ok K

e H(-,-,n) is a numerical flux function.
e Sum over all elements k € 7, and restrict to the FEM space Vj:

DGFEM

Find u, € V}, such that
> { [ fua]

b {—L(buh)-vVhw+ %%(uhﬂu;,nﬁ) }

KETh KET

for all v, € V).
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e Properties of the numerical flux function (-, -, ).

|. Consistency: for each k in 7, we have that

H(v,v,n.)|ox = (bv) -n, Vi €T,

2. Conservation: given any two neighbouring elements x and «’ from the finite
element partition 7y, at each point x € dx N 0k’ # (), noting that n,,, = —n,,
we have that

H(v,w,n,) = —H(w,v,—n,).
e Choose the upwind numerical flux:

H(u u,n.)|on = b ny, Sl_i)r(])fl+ up(x —sb) for k € Tp.

By convention, we set u; |5_xnoq = g thereby,

H(u;r, u,N.)|o_rnoo =b-n.g forrx eT,,.
e Note that both DGFEM formulations are equivalent (proof: exercise).

e Nonlinear Problems: Lax-Friedrichs flux, Roe's flux, Vijayasundaram flux, ...
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Discontinuous Galerkin FEMs
Second-order Elliptic PDEs
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Poisson’s Equation

Given Q C RY, d > I, and f € L%(Q), find u such that

—Au=f inf(), u=20 on 9.

e DG Discretization:
|. Rewrite as a first-order system.
2. Derive an elemental weak formulation.
3. Introduce numerical flux functions = Flux Formulation.

4. Eliminate the auxiliary variables = Primal Formulation.
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|. Rewrite as a first-order system:

s— Vu=0, —V -s=f.

2. Elemental weak formulation: find (s, u) such that
/S-de+/uV-de— utr -n.,ds = 0,
K K oK

/s - Vvdx — s-n.vds = fvdx.
K 0K
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Poisson’s Equation

e Notation: V}, denotes the broken gradient operator, defined elementwise.

e Numerical flux functions:

are approximations to uy and V,up, respectively.

3. Flux Formulation: find u, € Vj, and s, € X}, = [V;]¢ such that

/sh-Thdx+/uth-Thdx—Z/ urp - n.ds = 0, (1)
Q Q 116771 6/‘&
/ S+ Vvpdx — ) / §-nvpds = / fdx  (2)
Q /43677; 8/4, Q

forall T, € Xy, vy, € V.
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e Setting 7, = Vyvy in (1) and integrating by parts gives

/Sh Vpvpdx — /thh Vpvpdx + Z/ Vth - n.ds = 0.

~k€Th

4. Primal Formulation. Inserting into (2) gives: find u, € V), such that

/ Vhup - Vpdx — ) / 0)Vpvy - neds
— Z/ NV, ds—/fvhdx

ke Th

for all v, € V.

41



r The University of
Notation &' | Nottingham
e Let 7, = FF U FP denote the set of all faces in the mesh 7.

e Notation:

Fc Ay Fc FP
v] = vl = vn
[a] = [al = a-'n
vl = v} = v

e The following identity holds:

Z/ q” -ntvids = Z
oK

KET FEFh FeF?

/F{{q}} - [v]ds + Z /F[[q]]{v}}ds.



