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• Local weak formulation: on each � � Th, find u|� such that

�
�

�
(bu) · �vdx +

�

��
(bu+) · n�v+ ds = 0.

<latexit sha1_base64="YGKDoXhvW0M7ctpnJpIcudTSV+g="> KsbLJCJsZqwcem6cCOikNqQoEsTewUPQ2rhnIICc3lnqSuAeeeY6WdWO22gRmyEQpVjD/bF1LCB1TmkncJi8DmWzEU1jQP3NKr5r4mGm9VxOWcXQFcxyZ3K9SZX5hF0N1tvWh13u+u772e7dKy99h74m16He+Zt+e98w69rsdrVPtS+1r7Vv9e/1H/Wf81lS7VZp5HXuXU//wD8A1hiw==</latexit><latexit sha1_base64="YGKDoXhvW0M7ctpnJpIcudTSV+g="> KsbLJCJsZqwcem6cCOikNqQoEsTewUPQ2rhnIICc3lnqSuAeeeY6WdWO22gRmyEQpVjD/bF1LCB1TmkncJi8DmWzEU1jQP3NKr5r4mGm9VxOWcXQFcxyZ3K9SZX5hF0N1tvWh13u+u772e7dKy99h74m16He+Zt+e98w69rsdrVPtS+1r7Vv9e/1H/Wf81lS7VZp5HXuXU//wD8A1hiw==</latexit><latexit sha1_base64="YGKDoXhvW0M7ctpnJpIcudTSV+g="> KsbLJCJsZqwcem6cCOikNqQoEsTewUPQ2rhnIICc3lnqSuAeeeY6WdWO22gRmyEQpVjD/bF1LCB1TmkncJi8DmWzEU1jQP3NKr5r4mGm9VxOWcXQFcxyZ3K9SZX5hF0N1tvWh13u+u772e7dKy99h74m16He+Zt+e98w69rsdrVPtS+1r7Vv9e/1H/Wf81lS7VZp5HXuXU//wD8A1hiw==</latexit><latexit sha1_base64="YGKDoXhvW0M7ctpnJpIcudTSV+g="> KsbLJCJsZqwcem6cCOikNqQoEsTewUPQ2rhnIICc3lnqSuAeeeY6WdWO22gRmyEQpVjD/bF1LCB1TmkncJi8DmWzEU1jQP3NKr5r4mGm9VxOWcXQFcxyZ3K9SZX5hF0N1tvWh13u+u772e7dKy99h74m16He+Zt+e98w69rsdrVPtS+1r7Vv9e/1H/Wf81lS7VZp5HXuXU//wD8A1hiw==</latexit>

• Inter-element continuity and bcs weakly enforced:

�
�

�
(bu) · �vdx+

�

��
H(u+, u�,n�)v+ ds=

�

�
fvdx.
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• H(·, ·,n) is a numerical flux function.
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• Sum over all elements � � Th and restrict to the FEM space Vh:
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DGFEM
Find uh � Vh such that

�

��Th

�
�

�

�
(buh) · �vhdx+

�

��
H(u+

h , u�
h ,n�)v+h ds

�
=

�

��Th

��

�
f vhdx

�

for all vh � Vh.
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• Properties of the numerical flux function H(·, ·, ·).

1. Consistency: for each � in Th we have that

H(v, v,n�)|�� = (bv) · n� �� � Th.
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2. Conservation: given any two neighbouring elements � and �� from the finite
element partition Th, at each point x � �� � ��� �= �, noting that n�� = �n�,
we have that

H(v,w,n�) = �H(w, v, �n�).
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• Choose the upwind numerical flux:

H(u+
h , u�

h ,n�)|�� = b · n� lim
s�0+

uh(x � sb) for � � Th.

By convention, we set u�
h |������ = g; thereby,

H(u+
h , u�

h ,n�)|������ = b · n� g for � � Th.
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• Nonlinear Problems: Lax-Friedrichs flux, Roe's flux, Vijayasundaram flux, …
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• Note that both DGFEM formulations are equivalent (proof: exercise).
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Discontinuous Galerkin FEMs
Second-order Elliptic PDEs
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Poisson’s Equation

Given � � Rd, d � 1, and f � L2(�), find u such that

��u = f in �, u = 0 on ��.
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• DG Discretization:

1. Rewrite as a first-order system.

2. Derive an elemental weak formulation.

3. Introduce numerical flux functions � Flux Formulation.

4. Eliminate the auxiliary variables � Primal Formulation.
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1. Rewrite as a first-order system:

s � �u = 0, �� · s = f.
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2. Elemental weak formulation: find (s, u) such that
�

�
s · �dx +

�

�
u� · �dx �

�

��
u� · n�ds = 0,

�

�
s · �vdx �

�

��
s · n�vds =

�

�
fvdx.
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• Notation: �h denotes the broken gradient operator, defined elementwise.
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3. Flux Formulation: find uh � Vh and sh � �h = [Vh]d such that
�

�
sh · � hdx +

�

�
uh�h · � hdx �

�

��Th

�

��
û� h · n�ds = 0, (1)

�

�
sh · �vhdx �

�

��Th

�

��
ŝ · n�vhds =

�

�
fvhdx (2)

for all � h � �h, vh � Vh.
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• Numerical flux functions:

• û = û(uh),

• ŝ = ŝ(uh, �huh)

are approximations to uh and �huh, respectively.
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• Setting � h = �hvh in (1) and integrating by parts gives
�

�
sh · �hvhdx �

�

�
�huh · �hvhdx +

�

��Th

�

��
(u+

h � û)�hv
+
h · n�ds = 0.
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4. Primal Formulation. Inserting into (2) gives: find uh � Vh such that
�

�
�huh · �vhdx �

�

��Th

�

��
(u+

h � û)�hv
+
h · n�ds

�
�

��Th

�

��
ŝ · n�v

+
h ds =

�

�
fvhdx

for all vh � Vh.
<latexit sha1_base64="6mpVFDYNDevG3dZT+T7ZZPypbIE="></latexit><latexit sha1_base64="6mpVFDYNDevG3dZT+T7ZZPypbIE="></latexit><latexit sha1_base64="6mpVFDYNDevG3dZT+T7ZZPypbIE="></latexit><latexit sha1_base64="6mpVFDYNDevG3dZT+T7ZZPypbIE="></latexit>



Notation

42

• Let Fh = FI
h � FB

h denote the set of all faces in the mesh Th.
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• Notation:
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κ+ κ−F

n
+

κ F
n
+

F � FI
h
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F � FB
h
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[[v]] = v+n+ + v�n�

[[q]] = q+ · n+ + q� · n�

{{v}} = (v+ + v�)/2
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[[v]] = vn

[[q]] = q · n
{{v}} = v
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• The following identity holds:
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��Th

�

��
q+ · n+ v+ds =

�

F�Fh

�

F
{{q}} · [[v]]ds +

�

F�FI
h

�

F
[[q]]{{v}}ds.
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