
Modelling Trabecular Bone
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Verhoosel, van Zwieten, van Rietbergen & de Borst 2015, Collis & H 2016 

Fine mesh consists of 1.2M elements; Agglomerated mesh with 8K elements.
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Agglomeration of Tetrahedral Mesh

Agglomeration of Voxel Mesh
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• Mesh: Th = {�} is a polytopic subdivision of �.
<latexit sha1_base64="CpqcLuQeM/srxh1hu0JnC9bmvHU="></latexit><latexit sha1_base64="CpqcLuQeM/srxh1hu0JnC9bmvHU="></latexit><latexit sha1_base64="CpqcLuQeM/srxh1hu0JnC9bmvHU="></latexit><latexit sha1_base64="CpqcLuQeM/srxh1hu0JnC9bmvHU="></latexit>

• Th = {�} may contain hanging nodes.
<latexit sha1_base64="XIPjqebziY7AJXbYcvJvacS7OOo="></latexit><latexit sha1_base64="XIPjqebziY7AJXbYcvJvacS7OOo="></latexit><latexit sha1_base64="XIPjqebziY7AJXbYcvJvacS7OOo="></latexit><latexit sha1_base64="XIPjqebziY7AJXbYcvJvacS7OOo="></latexit>

• Interfaces of Th: intersections of
(d � 1)-dimensional facets of
neighbouring elements.

<latexit sha1_base64="CqYlszsendmFXhqrTzvMYKx3Ne8="></latexit><latexit sha1_base64="CqYlszsendmFXhqrTzvMYKx3Ne8="></latexit><latexit sha1_base64="CqYlszsendmFXhqrTzvMYKx3Ne8="></latexit><latexit sha1_base64="CqYlszsendmFXhqrTzvMYKx3Ne8="></latexit>

Assumption 1

Each interface of each � � Th may be subdivided into a set of
(d � 1)-dimensional simplices.

<latexit sha1_base64="oIN4nOFgl64AY3ixPWZcDCAWs00="></latexit><latexit sha1_base64="oIN4nOFgl64AY3ixPWZcDCAWs00="></latexit><latexit sha1_base64="oIN4nOFgl64AY3ixPWZcDCAWs00="></latexit><latexit sha1_base64="oIN4nOFgl64AY3ixPWZcDCAWs00="></latexit>

• Assumption 1: Naturally covered in 2D; for d = 3 each interface of each
� � Th must be subdivided into a set of co-planar triangles.

<latexit sha1_base64="c6gJ6755F0C1qDob5j6n91BhoOA="></latexit><latexit sha1_base64="c6gJ6755F0C1qDob5j6n91BhoOA="></latexit><latexit sha1_base64="c6gJ6755F0C1qDob5j6n91BhoOA="></latexit><latexit sha1_base64="c6gJ6755F0C1qDob5j6n91BhoOA="></latexit>
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Assumption 2: Bounded Number of Element Faces

• FI
h /FB

h : Interior/Boundary faces, respectively, such that Fh = FI
h � FB

h .
<latexit sha1_base64="WvVSfOsKbjzvZmAP8TgTp2O0T/o="></latexit><latexit sha1_base64="WvVSfOsKbjzvZmAP8TgTp2O0T/o="></latexit><latexit sha1_base64="WvVSfOsKbjzvZmAP8TgTp2O0T/o="></latexit><latexit sha1_base64="WvVSfOsKbjzvZmAP8TgTp2O0T/o="></latexit>

• Faces Fh of Th: (d � 1)-dimensional simplices which whose union form the
interfaces of Th.<latexit sha1_base64="g/j8oXEbhlovoge6cySVzs2sLkQ=">AAADvnicbVLLjtMwFHVbHkN5TAeWbCwapI7UVu2w4LFAg0AMCxaDoMxITVU5zk1j1bEj24FWUfod/Bo/g7hJi0TauVKS43OfPrlBKoV1o9HvRrN16/adu0f32vcfPHx03Dl5/N3qzHCYcC21uQ6YBSkUTJxwEq5TAywJJFwFy/el/+oHGCu0+ubWKcwStlAiEpw5pOadX77SQoWgHM39MKCeH2RSgvMKPBsI6UfGwSIdlV9kdY SHBGycx4X3hnq9cDA+9QahSECVXZikViQ4epn2MxY8xre2QDOF3nakTUJdDNT325vNhgrlwFS165WH8053NBxVRg/BeAe6ZGeX85PmsR9qnuEcjktm7XQ8St0sZ8YJLqFo+5mFlPElW8AUoWLYa5ZXEhb0OTIhxenwQS0q9v+MnCXWrpMAIxPmYrvvK8mbfNPMRa9muVBp5kDxbaMok9RpWv4PGgoD3Mk1AsaNwFkpj5lhHHWpd1EoaYSO2k3yhWEpqryqswyKGyeskZxJfhBWXbJGptYZwZe2j2CgdAh9WiIHK7dFL8J6QiVCCnu1V7gAHLP3WOlWzjAkLbiECVXKn18IKelXpuw/HguWjt4HsRDO9j/j9qr+hQFYntaCK51xAG60LXCFxvsLcwgmZ8PXw/GXs+75290uHZGn5BnpkTF5Sc7JJ3JJJoSTPw2vMWgMW+9ai1bS0tvQZmOX84TUrLX6Cxa7PE0=</latexit><latexit sha1_base64="g/j8oXEbhlovoge6cySVzs2sLkQ=">AAADvnicbVLLjtMwFHVbHkN5TAeWbCwapI7UVu2w4LFAg0AMCxaDoMxITVU5zk1j1bEj24FWUfod/Bo/g7hJi0TauVKS43OfPrlBKoV1o9HvRrN16/adu0f32vcfPHx03Dl5/N3qzHCYcC21uQ6YBSkUTJxwEq5TAywJJFwFy/el/+oHGCu0+ubWKcwStlAiEpw5pOadX77SQoWgHM39MKCeH2RSgvMKPBsI6UfGwSIdlV9kdY SHBGycx4X3hnq9cDA+9QahSECVXZikViQ4epn2MxY8xre2QDOF3nakTUJdDNT325vNhgrlwFS165WH8053NBxVRg/BeAe6ZGeX85PmsR9qnuEcjktm7XQ8St0sZ8YJLqFo+5mFlPElW8AUoWLYa5ZXEhb0OTIhxenwQS0q9v+MnCXWrpMAIxPmYrvvK8mbfNPMRa9muVBp5kDxbaMok9RpWv4PGgoD3Mk1AsaNwFkpj5lhHHWpd1EoaYSO2k3yhWEpqryqswyKGyeskZxJfhBWXbJGptYZwZe2j2CgdAh9WiIHK7dFL8J6QiVCCnu1V7gAHLP3WOlWzjAkLbiECVXKn18IKelXpuw/HguWjt4HsRDO9j/j9qr+hQFYntaCK51xAG60LXCFxvsLcwgmZ8PXw/GXs+75290uHZGn5BnpkTF5Sc7JJ3JJJoSTPw2vMWgMW+9ai1bS0tvQZmOX84TUrLX6Cxa7PE0=</latexit><latexit sha1_base64="g/j8oXEbhlovoge6cySVzs2sLkQ=">AAADvnicbVLLjtMwFHVbHkN5TAeWbCwapI7UVu2w4LFAg0AMCxaDoMxITVU5zk1j1bEj24FWUfod/Bo/g7hJi0TauVKS43OfPrlBKoV1o9HvRrN16/adu0f32vcfPHx03Dl5/N3qzHCYcC21uQ6YBSkUTJxwEq5TAywJJFwFy/el/+oHGCu0+ubWKcwStlAiEpw5pOadX77SQoWgHM39MKCeH2RSgvMKPBsI6UfGwSIdlV9kdY SHBGycx4X3hnq9cDA+9QahSECVXZikViQ4epn2MxY8xre2QDOF3nakTUJdDNT325vNhgrlwFS165WH8053NBxVRg/BeAe6ZGeX85PmsR9qnuEcjktm7XQ8St0sZ8YJLqFo+5mFlPElW8AUoWLYa5ZXEhb0OTIhxenwQS0q9v+MnCXWrpMAIxPmYrvvK8mbfNPMRa9muVBp5kDxbaMok9RpWv4PGgoD3Mk1AsaNwFkpj5lhHHWpd1EoaYSO2k3yhWEpqryqswyKGyeskZxJfhBWXbJGptYZwZe2j2CgdAh9WiIHK7dFL8J6QiVCCnu1V7gAHLP3WOlWzjAkLbiECVXKn18IKelXpuw/HguWjt4HsRDO9j/j9qr+hQFYntaCK51xAG60LXCFxvsLcwgmZ8PXw/GXs+75290uHZGn5BnpkTF5Sc7JJ3JJJoSTPw2vMWgMW+9ai1bS0tvQZmOX84TUrLX6Cxa7PE0=</latexit><latexit sha1_base64="g/j8oXEbhlovoge6cySVzs2sLkQ=">AAADvnicbVLLjtMwFHVbHkN5TAeWbCwapI7UVu2w4LFAg0AMCxaDoMxITVU5zk1j1bEj24FWUfod/Bo/g7hJi0TauVKS43OfPrlBKoV1o9HvRrN16/adu0f32vcfPHx03Dl5/N3qzHCYcC21uQ6YBSkUTJxwEq5TAywJJFwFy/el/+oHGCu0+ubWKcwStlAiEpw5pOadX77SQoWgHM39MKCeH2RSgvMKPBsI6UfGwSIdlV9kdY SHBGycx4X3hnq9cDA+9QahSECVXZikViQ4epn2MxY8xre2QDOF3nakTUJdDNT325vNhgrlwFS165WH8053NBxVRg/BeAe6ZGeX85PmsR9qnuEcjktm7XQ8St0sZ8YJLqFo+5mFlPElW8AUoWLYa5ZXEhb0OTIhxenwQS0q9v+MnCXWrpMAIxPmYrvvK8mbfNPMRa9muVBp5kDxbaMok9RpWv4PGgoD3Mk1AsaNwFkpj5lhHHWpd1EoaYSO2k3yhWEpqryqswyKGyeskZxJfhBWXbJGptYZwZe2j2CgdAh9WiIHK7dFL8J6QiVCCnu1V7gAHLP3WOlWzjAkLbiECVXKn18IKelXpuw/HguWjt4HsRDO9j/j9qr+hQFYntaCK51xAG60LXCFxvsLcwgmZ8PXw/GXs+75290uHZGn5BnpkTF5Sc7JJ3JJJoSTPw2vMWgMW+9ai1bS0tvQZmOX84TUrLX6Cxa7PE0=</latexit>

• We assume that the sub-tessellation of element interfaces into
(d � 1)-dimensional simplices is given; for example, from an
agglomeration of a fine tetrahedral mesh.

<latexit sha1_base64="wcQDXO0wR0XSvI3Dra9OBOxb5ac=">AAAD83icbVLNbtNAEHYaoKX8tIUjlxUNUislUdIeACGhSiCVA4ciCC2qo2q8HjurrHet3XGVykqfhBPiyqPwALwNYzdFOO0eVp+++f1mJsq18jQY/GmttO/cvbe6dn/9wcNHjzc2t5589bZwEkfSautOIvColcERKdJ4kjuELNJ4HE3fVfbjc3ReWfOFLnIcZ5AalSgJxNTZ5u/QWGViNCTKMI5EJ4wKrZE6c3GMArwvMhQ0Ae </latexit><latexit sha1_base64="wcQDXO0wR0XSvI3Dra9OBOxb5ac=">AAAD83icbVLNbtNAEHYaoKX8tIUjlxUNUislUdIeACGhSiCVA4ciCC2qo2q8HjurrHet3XGVykqfhBPiyqPwALwNYzdFOO0eVp+++f1mJsq18jQY/GmttO/cvbe6dn/9wcNHjzc2t5589bZwEkfSautOIvColcERKdJ4kjuELNJ4HE3fVfbjc3ReWfOFLnIcZ5AalSgJxNTZ5u/QWGViNCTKMI5EJ4wKrZE6c3GMArwvMhQ0Ae </latexit><latexit sha1_base64="wcQDXO0wR0XSvI3Dra9OBOxb5ac=">AAAD83icbVLNbtNAEHYaoKX8tIUjlxUNUislUdIeACGhSiCVA4ciCC2qo2q8HjurrHet3XGVykqfhBPiyqPwALwNYzdFOO0eVp+++f1mJsq18jQY/GmttO/cvbe6dn/9wcNHjzc2t5589bZwEkfSautOIvColcERKdJ4kjuELNJ4HE3fVfbjc3ReWfOFLnIcZ5AalSgJxNTZ5u/QWGViNCTKMI5EJ4wKrZE6c3GMArwvMhQ0Ae </latexit><latexit sha1_base64="wcQDXO0wR0XSvI3Dra9OBOxb5ac=">AAAD83icbVLNbtNAEHYaoKX8tIUjlxUNUislUdIeACGhSiCVA4ciCC2qo2q8HjurrHet3XGVykqfhBPiyqPwALwNYzdFOO0eVp+++f1mJsq18jQY/GmttO/cvbe6dn/9wcNHjzc2t5589bZwEkfSautOIvColcERKdJ4kjuELNJ4HE3fVfbjc3ReWfOFLnIcZ5AalSgJxNTZ5u/QWGViNCTKMI5EJ4wKrZE6c3GMArwvMhQ0Ae </latexit>

For each element � � Th, we define

C� = card
�
F � Fh : F � ��

�
.

We assume there exists a positive constant CF, independent of the mesh
parameters, such that

max
��Th

C� � CF.
<latexit sha1_base64="fbhjwLPIVVxqiJnU23ZBv+h14mM="></latexit><latexit sha1_base64="fbhjwLPIVVxqiJnU23ZBv+h14mM="></latexit><latexit sha1_base64="fbhjwLPIVVxqiJnU23ZBv+h14mM="></latexit><latexit sha1_base64="fbhjwLPIVVxqiJnU23ZBv+h14mM="></latexit>
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• Assumption 2 may be violated on sequences of agglomerated meshes.
<latexit sha1_base64="/laMWFlivrqCe7pN2Da6ghtcxeY=">AAADg3icbVJNixNBEO3N6LrGj83q0UtjVlghhiQK6kFZUVgPHlY07kISQk1PzaRJT/fYXbMkDPl1/gp/glf9A/ZMIjjJFjQ83qvqqnpUmCnpqNf7udcIbtzcv3Vwu3nn7r37h62jB9+cya3AoTDK2MsQHCqpcUiSFF5mFiENFV6E8/elfnGF1kmjv9Iyw0kKiZaxFECemrYmY22kjlATL8ZRyI/HYa4U0vGKv3MuT7MyjQ94Ck seIr+SRgFhxD3p8HuOWqDjJuaQJMqkaCsxRTdD1202p612r9urgu+C/ga02SbOp0eNw3FkRJ76gYQC50b9XkaTAixJoXDVHOcOMxBzSHDkoQbfa1JUPqz4E89EPDbWP79Qxf5fUUDq3DINfWYKNHPbWklep41yil9NCqmznPzG60ZxrjgZXprKI2lRkFp6AMJKPysXM7AgyFtf66KlwNgLtU2KxEI2k2JRZwFX105YIwUosZNWLVkjM0dWirnrePBMmwg7vESEC1qj51G9oDIhw62/F7lfwFdvsYoWZMGTDikFqUv7izOpFP8C2v3j/YelcPJBJpJc55M/Qd05s4jzp7Xkymc/gLDGrfwJ9bcPZhcMB93X3f7nQfv07eaWDtgj9pidsD57yU7ZR3bOhkywH+wX+83+BPtBJxgEL9apjb1NzUNWi+DNX2YTKSg=</latexit><latexit sha1_base64="/laMWFlivrqCe7pN2Da6ghtcxeY=">AAADg3icbVJNixNBEO3N6LrGj83q0UtjVlghhiQK6kFZUVgPHlY07kISQk1PzaRJT/fYXbMkDPl1/gp/glf9A/ZMIjjJFjQ83qvqqnpUmCnpqNf7udcIbtzcv3Vwu3nn7r37h62jB9+cya3AoTDK2MsQHCqpcUiSFF5mFiENFV6E8/elfnGF1kmjv9Iyw0kKiZaxFECemrYmY22kjlATL8ZRyI/HYa4U0vGKv3MuT7MyjQ94Ck seIr+SRgFhxD3p8HuOWqDjJuaQJMqkaCsxRTdD1202p612r9urgu+C/ga02SbOp0eNw3FkRJ76gYQC50b9XkaTAixJoXDVHOcOMxBzSHDkoQbfa1JUPqz4E89EPDbWP79Qxf5fUUDq3DINfWYKNHPbWklep41yil9NCqmznPzG60ZxrjgZXprKI2lRkFp6AMJKPysXM7AgyFtf66KlwNgLtU2KxEI2k2JRZwFX105YIwUosZNWLVkjM0dWirnrePBMmwg7vESEC1qj51G9oDIhw62/F7lfwFdvsYoWZMGTDikFqUv7izOpFP8C2v3j/YelcPJBJpJc55M/Qd05s4jzp7Xkymc/gLDGrfwJ9bcPZhcMB93X3f7nQfv07eaWDtgj9pidsD57yU7ZR3bOhkywH+wX+83+BPtBJxgEL9apjb1NzUNWi+DNX2YTKSg=</latexit><latexit sha1_base64="/laMWFlivrqCe7pN2Da6ghtcxeY=">AAADg3icbVJNixNBEO3N6LrGj83q0UtjVlghhiQK6kFZUVgPHlY07kISQk1PzaRJT/fYXbMkDPl1/gp/glf9A/ZMIjjJFjQ83qvqqnpUmCnpqNf7udcIbtzcv3Vwu3nn7r37h62jB9+cya3AoTDK2MsQHCqpcUiSFF5mFiENFV6E8/elfnGF1kmjv9Iyw0kKiZaxFECemrYmY22kjlATL8ZRyI/HYa4U0vGKv3MuT7MyjQ94Ck seIr+SRgFhxD3p8HuOWqDjJuaQJMqkaCsxRTdD1202p612r9urgu+C/ga02SbOp0eNw3FkRJ76gYQC50b9XkaTAixJoXDVHOcOMxBzSHDkoQbfa1JUPqz4E89EPDbWP79Qxf5fUUDq3DINfWYKNHPbWklep41yil9NCqmznPzG60ZxrjgZXprKI2lRkFp6AMJKPysXM7AgyFtf66KlwNgLtU2KxEI2k2JRZwFX105YIwUosZNWLVkjM0dWirnrePBMmwg7vESEC1qj51G9oDIhw62/F7lfwFdvsYoWZMGTDikFqUv7izOpFP8C2v3j/YelcPJBJpJc55M/Qd05s4jzp7Xkymc/gLDGrfwJ9bcPZhcMB93X3f7nQfv07eaWDtgj9pidsD57yU7ZR3bOhkywH+wX+83+BPtBJxgEL9apjb1NzUNWi+DNX2YTKSg=</latexit><latexit sha1_base64="/laMWFlivrqCe7pN2Da6ghtcxeY=">AAADg3icbVJNixNBEO3N6LrGj83q0UtjVlghhiQK6kFZUVgPHlY07kISQk1PzaRJT/fYXbMkDPl1/gp/glf9A/ZMIjjJFjQ83qvqqnpUmCnpqNf7udcIbtzcv3Vwu3nn7r37h62jB9+cya3AoTDK2MsQHCqpcUiSFF5mFiENFV6E8/elfnGF1kmjv9Iyw0kKiZaxFECemrYmY22kjlATL8ZRyI/HYa4U0vGKv3MuT7MyjQ94Ck seIr+SRgFhxD3p8HuOWqDjJuaQJMqkaCsxRTdD1202p612r9urgu+C/ga02SbOp0eNw3FkRJ76gYQC50b9XkaTAixJoXDVHOcOMxBzSHDkoQbfa1JUPqz4E89EPDbWP79Qxf5fUUDq3DINfWYKNHPbWklep41yil9NCqmznPzG60ZxrjgZXprKI2lRkFp6AMJKPysXM7AgyFtf66KlwNgLtU2KxEI2k2JRZwFX105YIwUosZNWLVkjM0dWirnrePBMmwg7vESEC1qj51G9oDIhw62/F7lfwFdvsYoWZMGTDikFqUv7izOpFP8C2v3j/YelcPJBJpJc55M/Qd05s4jzp7Xkymc/gLDGrfwJ9bcPZhcMB93X3f7nQfv07eaWDtgj9pidsD57yU7ZR3bOhkywH+wX+83+BPtBJxgEL9apjb1NzUNWi+DNX2YTKSg=</latexit>

• The analysis will also be pursued under an alternative assumption which
assumes that a generalised shape-regularity condition is satisfied.

<latexit sha1_base64="ZmYCky3PbSC56S2WvaOQMdtGzGg=">AAAD1HicbVJNa9tAEJXjtkndjzhtb70sTQopOMZOD/04lEAC6aGHlMZNIDJhtBpbi1crsTub2AjnUnrtT+n/6b/pSHahcrIgeLyZeTPzNFGulaNe709jrXnv/oP1jYetR4+fPN1sbz377jJvJQ5kpjN7HoFDrQwOSJHG89wipJHGs2hyWMbPrtA6lZlTmuU4TGFs1EhJIKYu279DkykToyFRhHEkdsLIa420MxenCQowoGdOOX </latexit><latexit sha1_base64="ZmYCky3PbSC56S2WvaOQMdtGzGg=">AAAD1HicbVJNa9tAEJXjtkndjzhtb70sTQopOMZOD/04lEAC6aGHlMZNIDJhtBpbi1crsTub2AjnUnrtT+n/6b/pSHahcrIgeLyZeTPzNFGulaNe709jrXnv/oP1jYetR4+fPN1sbz377jJvJQ5kpjN7HoFDrQwOSJHG89wipJHGs2hyWMbPrtA6lZlTmuU4TGFs1EhJIKYu279DkykToyFRhHEkdsLIa420MxenCQowoGdOOX </latexit><latexit sha1_base64="ZmYCky3PbSC56S2WvaOQMdtGzGg=">AAAD1HicbVJNa9tAEJXjtkndjzhtb70sTQopOMZOD/04lEAC6aGHlMZNIDJhtBpbi1crsTub2AjnUnrtT+n/6b/pSHahcrIgeLyZeTPzNFGulaNe709jrXnv/oP1jYetR4+fPN1sbz377jJvJQ5kpjN7HoFDrQwOSJHG89wipJHGs2hyWMbPrtA6lZlTmuU4TGFs1EhJIKYu279DkykToyFRhHEkdsLIa420MxenCQowoGdOOX </latexit><latexit sha1_base64="ZmYCky3PbSC56S2WvaOQMdtGzGg=">AAAD1HicbVJNa9tAEJXjtkndjzhtb70sTQopOMZOD/04lEAC6aGHlMZNIDJhtBpbi1crsTub2AjnUnrtT+n/6b/pSHahcrIgeLyZeTPzNFGulaNe709jrXnv/oP1jYetR4+fPN1sbz377jJvJQ5kpjN7HoFDrQwOSJHG89wipJHGs2hyWMbPrtA6lZlTmuU4TGFs1EhJIKYu279DkykToyFRhHEkdsLIa420MxenCQowoGdOOX </latexit>

Definition 1 (Shape-Regularity)

•Recall:

➡  Given that Assumption 2 holds, we do not require a shape-regularity
condition to hold on the underlying polytopic mesh, cf. below. 

A subdivision Th is said to be shape-regular if
there exists a positive constant Cr such that:

�� � Th,
h�

��
� Cr,

independently of the mesh parameters, where ��

denotes the diameter of the largest ball contained
in �.

<latexit sha1_base64="7o4OoRb0WkAtQQFKryCS3gvgdMQ="></latexit><latexit sha1_base64="7o4OoRb0WkAtQQFKryCS3gvgdMQ="></latexit><latexit sha1_base64="7o4OoRb0WkAtQQFKryCS3gvgdMQ="></latexit><latexit sha1_base64="7o4OoRb0WkAtQQFKryCS3gvgdMQ="></latexit>

h�
<latexit sha1_base64="jrwvK+LaAWckEFtL6FplDwQeTpw="></latexit><latexit sha1_base64="jrwvK+LaAWckEFtL6FplDwQeTpw="></latexit><latexit sha1_base64="jrwvK+LaAWckEFtL6FplDwQeTpw="></latexit><latexit sha1_base64="jrwvK+LaAWckEFtL6FplDwQeTpw="></latexit>

��
<latexit sha1_base64="1o9IA69iSJVNvJSxmOfQ8gmTJ7k="></latexit><latexit sha1_base64="1o9IA69iSJVNvJSxmOfQ8gmTJ7k="></latexit><latexit sha1_base64="1o9IA69iSJVNvJSxmOfQ8gmTJ7k="></latexit><latexit sha1_base64="1o9IA69iSJVNvJSxmOfQ8gmTJ7k="></latexit>
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Lemma 2

Given a simplex T in Rd, d = 2, 3, we write F � �T to denote one of its
faces. Then, for v � Pp(T), the following inverse inequalities hold

�v�2
L2(F) � Cinv,1p2

|F|
|T|�v�

2
L2(T),

�v�2
L�(T) � Cinv,2

p2d

|T| �v�
2
L2(T),

��v�2
L2(T) � Cinv,3

p4

h2T
�v�2

L2(T),

with Cinv,i, i = 1, 2, 3, positive constants, which are independent of v, p,
and hT. In particular, Cinv,3 depends on the shape-regularity of T
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Proof: See Schwab 1998,  Warburton & Hesthaven 2003.
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For each element � � Th, and each
face F � ��, �F

� represents any
d-dimensional simplex such that

• �F
� � �,

• F � ��F
�.
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�

* �*
�

For v � Pp(�), applying the classical inverse inequality on �F
� gives

�v�2
L2(F) � Cinv,1p2 |F|

|�F
�|

�v�2
L2(�F

�
) � Cinv,1p2 |F|

|�F
�|

�v�2
L2(�).
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Given that the choice of �F
� is not unique, we may select �F

� to have the
largest possible measure, i.e.,

�v�2
L2(F) � Cinv,1p2

|F|
sup�F

�
�� |�F

�|
�v�2

L2(�).
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Recall:

�v�2
L2(F) � Cinv,1p2 |F|

sup�F
�
�� |�F

�|
�v�2

L2(�).
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This estimate is not sharp with respect to (d � k)-dimensional facet
degeneration, k = 1, . . . , d � 1; i.e., it is not sensitive to |F| relative to |�|.
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Example

�*
�

*

�

For � > 0, let
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� := {(x, y) � R2 : x > 0, y > 0, x + y < 1}
�{(x, y) � R2 : x > 0, y � 0, x � y < �}.
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Hence,

�v�2L2(F) � Cinv,1

�
2p2�
|�F

�|
�v�2L2(�),

where
��

� := {(x, y) � R2 : x > 0, x + �y < �, x � y < �}.
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Recall:

�v�2
L2(F) � Cinv,1p2 |F|

sup�F
�
�� |�F

�|
�v�2

L2(�).
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This estimate is not sharp with respect to (d � k)-dimensional facet
degeneration, k = 1, . . . , d � 1; i.e., it is not sensitive to |F| relative to |�|.
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Example

�*
�

*

�

For � > 0, let
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� := {(x, y) � R2 : x > 0, y > 0, x + y < 1}
�{(x, y) � R2 : x > 0, y � 0, x � y < �}.
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Noting that |�F
�| = �(1 + �)/2, gives

�v�2
L2(F) � Cinv,1

2
�
2p2

1 + �
�v�2

L2(�).
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