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Alternative: we begin by observing that, since F � ��F
�, we have

�v�2
L2(F) � |F|�v�2

L�(�F
�
).

<latexit sha1_base64="kBcdP1n27ugSJSPyU9Rs5pgQCUg="></latexit><latexit sha1_base64="kBcdP1n27ugSJSPyU9Rs5pgQCUg="></latexit><latexit sha1_base64="kBcdP1n27ugSJSPyU9Rs5pgQCUg="></latexit><latexit sha1_base64="kBcdP1n27ugSJSPyU9Rs5pgQCUg="></latexit>

➡Additional mesh assumptions will be required.

Definition 2

Given two sets X and Y in Rd, d � 1, we write dist(X, Y) to denote the
Hausdorff distance between X and Y, defined by

dist(X, Y) := max(sup
x�X

inf
y�Y

|x � y|, sup
y�Y

inf
x�X

|x � y|).
<latexit sha1_base64="/uJjDW3u85TkEyNqEu8B2bQrhcw="></latexit><latexit sha1_base64="/uJjDW3u85TkEyNqEu8B2bQrhcw="></latexit><latexit sha1_base64="/uJjDW3u85TkEyNqEu8B2bQrhcw="></latexit><latexit sha1_base64="/uJjDW3u85TkEyNqEu8B2bQrhcw="></latexit>
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Definition 3
An element � � Th is said to be p-coverable with respect to p � N, if
there exists a set of m� overlapping shape-regular simplices Ki,
i = 1, . . . ,m�, m� � N, such that

dist(�, �Ki) < Cas
diam(Ki)

p2
, and |Ki| � cas|�|

for all i = 1, . . . ,m�, where Cas and cas are positive constants,
independent of � and Th.

<latexit sha1_base64="yPs8aWq1FLpqOzRIHBpd9RQ1h8Q="></latexit><latexit sha1_base64="yPs8aWq1FLpqOzRIHBpd9RQ1h8Q="></latexit><latexit sha1_base64="yPs8aWq1FLpqOzRIHBpd9RQ1h8Q="></latexit><latexit sha1_base64="yPs8aWq1FLpqOzRIHBpd9RQ1h8Q="></latexit>

�
<latexit sha1_base64="ufy4HY37iQohNLliUoTFiTJW2Zs="></latexit><latexit sha1_base64="ufy4HY37iQohNLliUoTFiTJW2Zs="></latexit><latexit sha1_base64="ufy4HY37iQohNLliUoTFiTJW2Zs="></latexit><latexit sha1_base64="ufy4HY37iQohNLliUoTFiTJW2Zs="></latexit>

K1
<latexit sha1_base64="137xmfBYYQiTaC0O9nN03IiT9x4="></latexit><latexit sha1_base64="137xmfBYYQiTaC0O9nN03IiT9x4="></latexit><latexit sha1_base64="137xmfBYYQiTaC0O9nN03IiT9x4="></latexit><latexit sha1_base64="137xmfBYYQiTaC0O9nN03IiT9x4="></latexit>

K2
<latexit sha1_base64="KfmiGc3Q29r7GOmZCyuH3Wn/lic="></latexit><latexit sha1_base64="KfmiGc3Q29r7GOmZCyuH3Wn/lic="></latexit><latexit sha1_base64="KfmiGc3Q29r7GOmZCyuH3Wn/lic="></latexit><latexit sha1_base64="KfmiGc3Q29r7GOmZCyuH3Wn/lic="></latexit>
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Lemma 3 (Georgoulis 2008)

Let K be a shape-regular simplex in Rd, d = 2, 3. Then, for each v � Pp(K),
there exists a simplex �̂ � K, having the same shape as K and faces parallel
to the faces of K, with dist(��̂, �K) > Cas diam(K)/p2, where Cas is a
positive constant, independent of v, K, and p, such that

�v�L2(�̂) � 1
2
�v�L2(K).

<latexit sha1_base64="HmpgD/C+z2c16nT0gfivtnLjcK8="></latexit><latexit sha1_base64="HmpgD/C+z2c16nT0gfivtnLjcK8="></latexit><latexit sha1_base64="HmpgD/C+z2c16nT0gfivtnLjcK8="></latexit><latexit sha1_base64="HmpgD/C+z2c16nT0gfivtnLjcK8="></latexit>

K
<latexit sha1_base64="AnO2HCzDow7TgEzyUDLESbLEn8g="></latexit><latexit sha1_base64="AnO2HCzDow7TgEzyUDLESbLEn8g="></latexit><latexit sha1_base64="AnO2HCzDow7TgEzyUDLESbLEn8g="></latexit><latexit sha1_base64="AnO2HCzDow7TgEzyUDLESbLEn8g="></latexit>

�̂
<latexit sha1_base64="EQEmGlXFuu0ozCch4Ltd5BIR2ng="></latexit><latexit sha1_base64="EQEmGlXFuu0ozCch4Ltd5BIR2ng="></latexit><latexit sha1_base64="EQEmGlXFuu0ozCch4Ltd5BIR2ng="></latexit><latexit sha1_base64="EQEmGlXFuu0ozCch4Ltd5BIR2ng="></latexit>
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Lemma 4

Let � � Th, F � �� denote one of its faces. Then, for each v � Pp(�), the
following inverse inequality holds

�v�2
L2(F) � CINV(p, �, F)p2

|F|
|�|�v�

2
L2(�),

where

CINV(p, �, F) :=

�
����

����

Cinv,4 min
� |�|

sup�F
�
�� |�F

�|
, p2(d�1)

�
, if � is p-coverable

Cinv,1
|�|

sup�F
�
�� |�F

�|
, otherwise,

and Cinv,1 and Cinv,4 are positive constants which are independent of
|�|/ sup�F

�
�� |�F

�|, |F|, p, and v.
<latexit sha1_base64="S7kNXcGPcW/JFu8hf/qFec+v+bE="></latexit><latexit sha1_base64="S7kNXcGPcW/JFu8hf/qFec+v+bE="></latexit><latexit sha1_base64="S7kNXcGPcW/JFu8hf/qFec+v+bE="></latexit><latexit sha1_base64="S7kNXcGPcW/JFu8hf/qFec+v+bE="></latexit>
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Case 1: If �, � � Th, is not p-coverable then the bound follows immediately.
<latexit sha1_base64="U7LYK+3Ib3psG69mYdAp9H5Y0s4=">AAADo3icbVNLb9NAEN40PEp5pXDkwIqkUpHSKC4HEAdUqUgFwaFA01aKo2i9nsSrrHet3TEksvwnufFPODJOglQnXcmrz9+8vhmPo0wrj/3+n8ZO887de/d3H+w9fPT4ydPW/rNLb3MnYSCttu46Eh60MjBAhRquMwcijTRcRbPTyn71E5xX1lzgIoNRKqZGTZQUSNS4pUNjlYnBID+lNDx4zz9PeCecdbrVHSoTpuCTIimJUJ 4XoYOYG4u85J2scyQtZRdUjWMCprp4ZHMT84nV2v7yXKUpxEog6EVv3Gr3e/3l4dsgWIM2W5/z8f7OyzC2Mk9Jn9TC+2HQz3BUCIdKaij3wtxDJuRMTGFI0AgSOyqWYyn5ATGVEEcP9bdkb0YUIvV+kUbkmQpM/KatIm+zDXOcvBsVymQ5gpGrQpNcc7S8mjGPlQOJekFASKdIK5eJcEIifYlaFaMkTMhQ66SYOpElSs7rrIDyVoU1Ugott9yWTdbIzKNTcua7BI6MjaHLK4QwxxV6E9cDlkPIYCP3PKcGKHqD1ThHJ4j0gKlQphp/caa05j+E8f95SlgZDj+qqULf/UobabpnDmD2uuZ8I3OU0vty7iRIOutLWqlgc4G2weVxL+j3gm/H7ZMP6+XaZS/YK3bIAvaWnbBP7JwNmGS/2d9Gg/63g+aX5vfmxcp1p7GOec5qpzn6BwnUMnw=</latexit><latexit sha1_base64="U7LYK+3Ib3psG69mYdAp9H5Y0s4=">AAADo3icbVNLb9NAEN40PEp5pXDkwIqkUpHSKC4HEAdUqUgFwaFA01aKo2i9nsSrrHet3TEksvwnufFPODJOglQnXcmrz9+8vhmPo0wrj/3+n8ZO887de/d3H+w9fPT4ydPW/rNLb3MnYSCttu46Eh60MjBAhRquMwcijTRcRbPTyn71E5xX1lzgIoNRKqZGTZQUSNS4pUNjlYnBID+lNDx4zz9PeCecdbrVHSoTpuCTIimJUJ 4XoYOYG4u85J2scyQtZRdUjWMCprp4ZHMT84nV2v7yXKUpxEog6EVv3Gr3e/3l4dsgWIM2W5/z8f7OyzC2Mk9Jn9TC+2HQz3BUCIdKaij3wtxDJuRMTGFI0AgSOyqWYyn5ATGVEEcP9bdkb0YUIvV+kUbkmQpM/KatIm+zDXOcvBsVymQ5gpGrQpNcc7S8mjGPlQOJekFASKdIK5eJcEIifYlaFaMkTMhQ66SYOpElSs7rrIDyVoU1Ugott9yWTdbIzKNTcua7BI6MjaHLK4QwxxV6E9cDlkPIYCP3PKcGKHqD1ThHJ4j0gKlQphp/caa05j+E8f95SlgZDj+qqULf/UobabpnDmD2uuZ8I3OU0vty7iRIOutLWqlgc4G2weVxL+j3gm/H7ZMP6+XaZS/YK3bIAvaWnbBP7JwNmGS/2d9Gg/63g+aX5vfmxcp1p7GOec5qpzn6BwnUMnw=</latexit><latexit sha1_base64="U7LYK+3Ib3psG69mYdAp9H5Y0s4=">AAADo3icbVNLb9NAEN40PEp5pXDkwIqkUpHSKC4HEAdUqUgFwaFA01aKo2i9nsSrrHet3TEksvwnufFPODJOglQnXcmrz9+8vhmPo0wrj/3+n8ZO887de/d3H+w9fPT4ydPW/rNLb3MnYSCttu46Eh60MjBAhRquMwcijTRcRbPTyn71E5xX1lzgIoNRKqZGTZQUSNS4pUNjlYnBID+lNDx4zz9PeCecdbrVHSoTpuCTIimJUJ 4XoYOYG4u85J2scyQtZRdUjWMCprp4ZHMT84nV2v7yXKUpxEog6EVv3Gr3e/3l4dsgWIM2W5/z8f7OyzC2Mk9Jn9TC+2HQz3BUCIdKaij3wtxDJuRMTGFI0AgSOyqWYyn5ATGVEEcP9bdkb0YUIvV+kUbkmQpM/KatIm+zDXOcvBsVymQ5gpGrQpNcc7S8mjGPlQOJekFASKdIK5eJcEIifYlaFaMkTMhQ66SYOpElSs7rrIDyVoU1Ugott9yWTdbIzKNTcua7BI6MjaHLK4QwxxV6E9cDlkPIYCP3PKcGKHqD1ThHJ4j0gKlQphp/caa05j+E8f95SlgZDj+qqULf/UobabpnDmD2uuZ8I3OU0vty7iRIOutLWqlgc4G2weVxL+j3gm/H7ZMP6+XaZS/YK3bIAvaWnbBP7JwNmGS/2d9Gg/63g+aX5vfmxcp1p7GOec5qpzn6BwnUMnw=</latexit><latexit sha1_base64="U7LYK+3Ib3psG69mYdAp9H5Y0s4=">AAADo3icbVNLb9NAEN40PEp5pXDkwIqkUpHSKC4HEAdUqUgFwaFA01aKo2i9nsSrrHet3TEksvwnufFPODJOglQnXcmrz9+8vhmPo0wrj/3+n8ZO887de/d3H+w9fPT4ydPW/rNLb3MnYSCttu46Eh60MjBAhRquMwcijTRcRbPTyn71E5xX1lzgIoNRKqZGTZQUSNS4pUNjlYnBID+lNDx4zz9PeCecdbrVHSoTpuCTIimJUJ 4XoYOYG4u85J2scyQtZRdUjWMCprp4ZHMT84nV2v7yXKUpxEog6EVv3Gr3e/3l4dsgWIM2W5/z8f7OyzC2Mk9Jn9TC+2HQz3BUCIdKaij3wtxDJuRMTGFI0AgSOyqWYyn5ATGVEEcP9bdkb0YUIvV+kUbkmQpM/KatIm+zDXOcvBsVymQ5gpGrQpNcc7S8mjGPlQOJekFASKdIK5eJcEIifYlaFaMkTMhQ66SYOpElSs7rrIDyVoU1Ugott9yWTdbIzKNTcua7BI6MjaHLK4QwxxV6E9cDlkPIYCP3PKcGKHqD1ThHJ4j0gKlQphp/caa05j+E8f95SlgZDj+qqULf/UobabpnDmD2uuZ8I3OU0vty7iRIOutLWqlgc4G2weVxL+j3gm/H7ZMP6+XaZS/YK3bIAvaWnbBP7JwNmGS/2d9Gg/63g+aX5vfmxcp1p7GOec5qpzn6BwnUMnw=</latexit>

Case 2: Assuming is p-coverable we note that

�F
� � � � �m�

i=1Ki,

with |Ki| � cas|�|, i = 1, . . . ,m�.
<latexit sha1_base64="gU2cwc7DM3fS1RGod//aJ11HAp8=">AAAD7XicbVLbbtNAEHUaLiXcWngEiRU1UpHcKC4PICRQoYgitQ9F0ItUp9Z6PUlWWe9au2OayvFn8IZ45Q/4F/6GyQVUp11ppTNnZs7OzE6SK+mw0/nTWGpeu37j5vKt1u07d+/dX1l9cOhMYQUcCKOMPU64AyU1HKBEBce5BZ4lCo6S4fbEf/QNrJNGf8XzHLoZ72vZk4IjUfHK70gbqVPQyLZJhm2+Zu+cKzKp+0w65uf+hj </latexit><latexit sha1_base64="gU2cwc7DM3fS1RGod//aJ11HAp8=">AAAD7XicbVLbbtNAEHUaLiXcWngEiRU1UpHcKC4PICRQoYgitQ9F0ItUp9Z6PUlWWe9au2OayvFn8IZ45Q/4F/6GyQVUp11ppTNnZs7OzE6SK+mw0/nTWGpeu37j5vKt1u07d+/dX1l9cOhMYQUcCKOMPU64AyU1HKBEBce5BZ4lCo6S4fbEf/QNrJNGf8XzHLoZ72vZk4IjUfHK70gbqVPQyLZJhm2+Zu+cKzKp+0w65uf+hj </latexit><latexit sha1_base64="gU2cwc7DM3fS1RGod//aJ11HAp8=">AAAD7XicbVLbbtNAEHUaLiXcWngEiRU1UpHcKC4PICRQoYgitQ9F0ItUp9Z6PUlWWe9au2OayvFn8IZ45Q/4F/6GyQVUp11ppTNnZs7OzE6SK+mw0/nTWGpeu37j5vKt1u07d+/dX1l9cOhMYQUcCKOMPU64AyU1HKBEBce5BZ4lCo6S4fbEf/QNrJNGf8XzHLoZ72vZk4IjUfHK70gbqVPQyLZJhm2+Zu+cKzKp+0w65uf+hj </latexit><latexit sha1_base64="gU2cwc7DM3fS1RGod//aJ11HAp8=">AAAD7XicbVLbbtNAEHUaLiXcWngEiRU1UpHcKC4PICRQoYgitQ9F0ItUp9Z6PUlWWe9au2OayvFn8IZ45Q/4F/6GyQVUp11ppTNnZs7OzE6SK+mw0/nTWGpeu37j5vKt1u07d+/dX1l9cOhMYQUcCKOMPU64AyU1HKBEBce5BZ4lCo6S4fbEf/QNrJNGf8XzHLoZ72vZk4IjUfHK70gbqVPQyLZJhm2+Zu+cKzKp+0w65uf+hj </latexit>

Recall:
�v�2

L2(F) � |F|�v�2
L�(�F

�
).

<latexit sha1_base64="mHfooNQoxvEmXVPY0LWpk33x6Nk=">AAAD2nicbVJLb9NAEHYaHm14tXDkwIoIKZVCSNIDpQdUCdRy6KE8+pDq1Bqvx8kq612zOy6JXF+4Ia78A34V/4aNE0SddiRLn7/5ZnZeYSqFpW73T22lfuv2nbura4179x88fLS+8fjY6sxwPOJaanMagkUpFB6RIImnqUFIQokn4fjdzH9ygcYKrb7QNMVBAkMlYsGBHBWs//aVFipCRewTcpByp+GHOBQqx69ZqSl8CSHKnI </latexit><latexit sha1_base64="mHfooNQoxvEmXVPY0LWpk33x6Nk=">AAAD2nicbVJLb9NAEHYaHm14tXDkwIoIKZVCSNIDpQdUCdRy6KE8+pDq1Bqvx8kq612zOy6JXF+4Ia78A34V/4aNE0SddiRLn7/5ZnZeYSqFpW73T22lfuv2nbura4179x88fLS+8fjY6sxwPOJaanMagkUpFB6RIImnqUFIQokn4fjdzH9ygcYKrb7QNMVBAkMlYsGBHBWs//aVFipCRewTcpByp+GHOBQqx69ZqSl8CSHKnI </latexit><latexit sha1_base64="mHfooNQoxvEmXVPY0LWpk33x6Nk=">AAAD2nicbVJLb9NAEHYaHm14tXDkwIoIKZVCSNIDpQdUCdRy6KE8+pDq1Bqvx8kq612zOy6JXF+4Ia78A34V/4aNE0SddiRLn7/5ZnZeYSqFpW73T22lfuv2nbura4179x88fLS+8fjY6sxwPOJaanMagkUpFB6RIImnqUFIQokn4fjdzH9ygcYKrb7QNMVBAkMlYsGBHBWs//aVFipCRewTcpByp+GHOBQqx69ZqSl8CSHKnI </latexit><latexit sha1_base64="mHfooNQoxvEmXVPY0LWpk33x6Nk=">AAAD2nicbVJLb9NAEHYaHm14tXDkwIoIKZVCSNIDpQdUCdRy6KE8+pDq1Bqvx8kq612zOy6JXF+4Ia78A34V/4aNE0SddiRLn7/5ZnZeYSqFpW73T22lfuv2nbura4179x88fLS+8fjY6sxwPOJaanMagkUpFB6RIImnqUFIQokn4fjdzH9ygcYKrb7QNMVBAkMlYsGBHBWs//aVFipCRewTcpByp+GHOBQqx69ZqSl8CSHKnI </latexit>

Furthermore,

�v�2
L�(�F

�
) � max

i=1,...,m�

�v�2
L�(Ki)

� Cinv,2p2d max
i=1,...,m�

�v�2
L2(Ki)

|Ki|

� Cinv,2

cas

p2d

|�| max
i=1,...,m�

�v�2
L2(Ki)

.
<latexit sha1_base64="J0gpAxjGG3F4maB/8e7Nlqzf4EE=">AAAE03icfVNNbxMxEN0uAUr4auHIAYuKKpVClE0PICRQpaIWiR6KIG2lOl15vZPEiu1dbG+VyPUFceUX8Mv4N3iTlHbTqJYivbyZeW88nk1yzrRpt/+uhHdqd+/dX31Qf/jo8ZOna+vPjnRWKApdmvFMnSREA2cSuoYZDie5AiISDsfJaLeMH5+D0iyT380kh54gA8n6jBLjqXh95Q+WGZMpSIP2CmWGoESmoFnHCQyYtPBDEq </latexit><latexit sha1_base64="J0gpAxjGG3F4maB/8e7Nlqzf4EE=">AAAE03icfVNNbxMxEN0uAUr4auHIAYuKKpVClE0PICRQpaIWiR6KIG2lOl15vZPEiu1dbG+VyPUFceUX8Mv4N3iTlHbTqJYivbyZeW88nk1yzrRpt/+uhHdqd+/dX31Qf/jo8ZOna+vPjnRWKApdmvFMnSREA2cSuoYZDie5AiISDsfJaLeMH5+D0iyT380kh54gA8n6jBLjqXh95Q+WGZMpSIP2CmWGoESmoFnHCQyYtPBDEq </latexit><latexit sha1_base64="J0gpAxjGG3F4maB/8e7Nlqzf4EE=">AAAE03icfVNNbxMxEN0uAUr4auHIAYuKKpVClE0PICRQpaIWiR6KIG2lOl15vZPEiu1dbG+VyPUFceUX8Mv4N3iTlHbTqJYivbyZeW88nk1yzrRpt/+uhHdqd+/dX31Qf/jo8ZOna+vPjnRWKApdmvFMnSREA2cSuoYZDie5AiISDsfJaLeMH5+D0iyT380kh54gA8n6jBLjqXh95Q+WGZMpSIP2CmWGoESmoFnHCQyYtPBDEq </latexit><latexit sha1_base64="J0gpAxjGG3F4maB/8e7Nlqzf4EE=">AAAE03icfVNNbxMxEN0uAUr4auHIAYuKKpVClE0PICRQpaIWiR6KIG2lOl15vZPEiu1dbG+VyPUFceUX8Mv4N3iTlHbTqJYivbyZeW88nk1yzrRpt/+uhHdqd+/dX31Qf/jo8ZOna+vPjnRWKApdmvFMnSREA2cSuoYZDie5AiISDsfJaLeMH5+D0iyT380kh54gA8n6jBLjqXh95Q+WGZMpSIP2CmWGoESmoFnHCQyYtPBDEq </latexit>
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We now define �̂i � Ki to denote the simplex relative to Ki; by construction:

�̂i � � � Ki � Ki and Ki � � � �, i = 1, . . . ,m�.

Thereby,
1
4
�v�2

L2(Ki)
� �v�2

L2(�̂i)
� �v�2

L2(Ki��) � �v�2
L2(�).

<latexit sha1_base64="WZXsCPx1jtben0061fwCZI5OzEs=">AAAE/XicbVLbbhMxEN2GAGW5tfDIAxYNUiuFKJsigYpAlUAqEn0o0JsUh5XXO0mseO2t7U0TrbZ8DW+IV76Aj+BvsHMR2aSWVpo9Z+bMeHyilDNtms2/a5Ub1Zu3bq/f8e/eu//g4cbmo1MtM0XhhEou1XlENHAm4MQww+E8VUCSiMNZNHjv+LMhKM2kODbjFDoJ6QnWZZQYC4Wba3+wkEzEIAw6AyTkJYqha8VQDfeJyfGApC </latexit><latexit sha1_base64="WZXsCPx1jtben0061fwCZI5OzEs=">AAAE/XicbVLbbhMxEN2GAGW5tfDIAxYNUiuFKJsigYpAlUAqEn0o0JsUh5XXO0mseO2t7U0TrbZ8DW+IV76Aj+BvsHMR2aSWVpo9Z+bMeHyilDNtms2/a5Ub1Zu3bq/f8e/eu//g4cbmo1MtM0XhhEou1XlENHAm4MQww+E8VUCSiMNZNHjv+LMhKM2kODbjFDoJ6QnWZZQYC4Wba3+wkEzEIAw6AyTkJYqha8VQDfeJyfGApC </latexit><latexit sha1_base64="WZXsCPx1jtben0061fwCZI5OzEs=">AAAE/XicbVLbbhMxEN2GAGW5tfDIAxYNUiuFKJsigYpAlUAqEn0o0JsUh5XXO0mseO2t7U0TrbZ8DW+IV76Aj+BvsHMR2aSWVpo9Z+bMeHyilDNtms2/a5Ub1Zu3bq/f8e/eu//g4cbmo1MtM0XhhEou1XlENHAm4MQww+E8VUCSiMNZNHjv+LMhKM2kODbjFDoJ6QnWZZQYC4Wba3+wkEzEIAw6AyTkJYqha8VQDfeJyfGApC </latexit><latexit sha1_base64="WZXsCPx1jtben0061fwCZI5OzEs=">AAAE/XicbVLbbhMxEN2GAGW5tfDIAxYNUiuFKJsigYpAlUAqEn0o0JsUh5XXO0mseO2t7U0TrbZ8DW+IV76Aj+BvsHMR2aSWVpo9Z+bMeHyilDNtms2/a5Ub1Zu3bq/f8e/eu//g4cbmo1MtM0XhhEou1XlENHAm4MQww+E8VUCSiMNZNHjv+LMhKM2kODbjFDoJ6QnWZZQYC4Wba3+wkEzEIAw6AyTkJYqha8VQDfeJyfGApC </latexit>

Hence,

�v�2L�(�F
�
) � Cinv,2

cas

p2d

|�| max
i=1,...,m�

�v�2L2(Ki)

� 4 Cinv,2

cas

p2d

|�| �v�
2
L2(�).
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� �v�2L2(F) � 4 Cinv,2

cas

|F|
|�|p

2d�v�2L2(�).
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Taking the minimum between the two bounds, gives the desired result.
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�

KLet T �
h = {K} denote a shape-regular covering of Th,

consisting of d-simplices K, such that, for each � � Th,
there exists a K � T �

h , such that � � K.
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Given T �
h , we denote by �� the covering domain

given by �̄� := �K�T �
h
K̄.
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Let � be a domain with a Lipschitz boundary. Then there exists a linear
extension operator E : Hs(�) �� Hs(Rd), s � N0, such that Ev|� = v and

�Ev�Hs(Rd) � CE�v�Hs(�),

where CE is a positive constant depending only on s and �.
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Lemma 5 (Stein 1970)

� Used to extend the analytical solution globally from � to ��.
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Assumption 3

We assume that there exists a covering T �
h of Th and a positive constant O�,

independent of the mesh parameters, such that

max
��Th

card
�

�� � Th : �� � K �= �, K � T �
h such that � � K

�
� O�,

and
hK := diam(K) � Cdiamh�,

for each pair � � Th, K � T �
h , with � � K, for a constant Cdiam > 0,

uniformly with respect to the mesh size.
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Assumption 3 requires shape-regularity of the mesh
covering T �

h , but not shape-regularity of Th.
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�

K
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Lemma 6 (Babuska & Suri 1987; see also Schwab 1998) 
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Let T be a d-simplex d = 2, 3, with diameter hT. Suppose further that v|T � Hl(T),
for some l � 0. Then, for p � N, there exists �pv � Pp(T), such that

�v � �pv�Hq(T) � CI,1
hs�q
T

pl�q �v�Hl(T), l � 0,

for 0 � q � l, and

�v � �pv�L�(T) � CI,2
hs�d/2
T

pl�d/2
�v�Hl(T), l > d/2.

Here, s = min{p + 1, l} and CI,1 and CI,2 are positive constants which depend
on the shape-regularity of T, but are independent of v, hT, and p.
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