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DGFEM Norm
M = S IVva + 3 / o| [V Pds

KETh FEFFUFP

Arithmetic-Geometric Mean Inequality

For any a,b € R and € > 0, we have that
b2

5 < e —.
a _ae+46
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Interior Penalty Parameter
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Lemma 9 (Coercivity & Continuity)

For C, > C™% we have

Bd(v, v) > CcoerH\vH]%)G forall veV,

and
Ba(w,v) < Ceont||W||lDc |[|Vl|lDe forall w,veV.
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For v € ), we have the following identity

Ba(vv) = IMlba -2 > [HTa(vo}- Mds

FEFIUFP -

Recall: [[Vl[36 = Xers IV + Srerzoze Jrollv[2ds)

For FC Okt NOk~, k* € Ty, upon application of the Cauchy-Schwarz inequality
and the arithmetic-geometric mean inequality, we deduce that

|/ | -
5 (||ﬁHL2(VV+)HL2(F) | H\/EHB(VV )HB(F))

<IVo Tl
| | )
e (172 ) + 1 7 T (Vv o)
|
+§”\/E[M]H32(F)'
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Stability of the L?-projector I1,: in the [2-norm: for v € [V]9, k € T},

T2 vy < V|-

Employing the inverse inequality, the definition of o, and the above inequality
gives

/F (T(VW) ) - [V]ds

|
\/—HLZ (V)2 (ety

|
|5 e (Vo) ) + g Vol

2
F
<€ (CINV(PIQ+7 /i—l_a F) P’R+_|_|‘ | H

p2_|F]

|
€ I

< = (Il ey + VM oy ) + 5o IVED e,

+ v (Pr—» K )
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Similarly, for F € 77, where F C Ok, k € Ty, we get

JATa(T0)} - Vs < SNV + 4 IVoM e,

Hence, we deduce that

) > (1= ) DI+ (1-5) X IVablke,

~ETh FEFFUFPF

Given Assumption 2 holds, i.e., that the number of elemental faces is uniformly
bounded, we deduce that if

C, > 2Cre forsome € > /2
then the bilinear form By(-, -) is coercive over V x V.

The proof of continuity follows analogously: left as an exercise.
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Set 1

Set 4

Set 1

0.7385
0.7624
0.7827
0.8153

Set 2

0.7375
0.7564
0.7818
0.8054

Set 3

0.7370
0.7559
0.7720
0.8001
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Set 4

0.7364
0.7545
0.7611
0.7827
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Lemma 10 (Strang’s Second Lemma)

Let u € H'(Q) be the weak solution of our PDE problem and u, € VP(7p,)
its DGFEM approximation. Given Assumption | holds, we have that

C .
llu = unlllpa < (' | C“”“) inf__||lu —w[llpa
coer

va €EVP (Th)
| B =
I 5 |Ba (u, wh) (Wh)|.
Ceoer wyeve (Tp)\{0} [[wh|pc

Proof. Employing the triangle inequality gives

|lu—unlllpa < |lu—=willpa +|llve — unlllpa Vve € VP(Th).
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Exploiting coercivity and continuity, we obtain

|
Ve — un|[[be < c Ba(vh — un,vh — un)
coer
| 5
— C (Bd(Vh — U, Vp —uh)—I—Bd(u—uh,vh —Uh))
coer
Ccont
< ¢ [[u = vanlllpcllve — unl|pc
coer
| . .
| c (Ba(u, vy — up) — £(vy — up)).
coer
Hence
Ccont | Bd(ua Vh — uh) — Z(Vh — uh)
Vh — Up|llDa = u—vpl|lpG
] ] Ccoer\ll IpG - C TR
C I Bi(u.wi) — £(w
S Ccont‘”u—Vh’HDG I C Sup ’ d( 9 h) ( h)‘
coer coer w,eVP(T,)\{0} H’Wh‘”DG
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By defining ﬁp by ﬁp|,{ = ﬁpm, for k € 7Ty, given that Assumption 2 holds,
we deduce that

o f o 2 < _ﬁ 2
%eﬁhw»”w vhllbe < [llu — pulllpg
<) (lV(u — 1, )Py +2 ) oll(u— ﬁp&U)mfzm)
KETh FCOkK
hi(sm —1 ) h—d—|—2 2
< C Z 20— 1) | + = Z Cm(Pm /iaF)O-‘F’ ”QEUHH’&(IC)7
KETh PKJ P’{ FCOk

with s,, = min{p, + |,/ } and C a positive constant, which depends on the
shape-regularity of the covering 7?. Here,

Cn(p, K, F) = min{ hi | }

SUP,ef e || P!
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