
Stability of the DGFEM

90

DGFEM Norm
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<latexit sha1_base64="BLVmbiP90AM/IopMaF1EMHFfe2Y="></latexit><latexit sha1_base64="BLVmbiP90AM/IopMaF1EMHFfe2Y="></latexit><latexit sha1_base64="BLVmbiP90AM/IopMaF1EMHFfe2Y="></latexit><latexit sha1_base64="BLVmbiP90AM/IopMaF1EMHFfe2Y="></latexit>

 Arithmetic-Geometric Mean Inequality

For any a, b � R and � > 0, we have that

ab � a2� +
b2

4�
.

<latexit sha1_base64="AYoQXsilN4HyNblDfZMl5eDRZL0="></latexit><latexit sha1_base64="AYoQXsilN4HyNblDfZMl5eDRZL0="></latexit><latexit sha1_base64="AYoQXsilN4HyNblDfZMl5eDRZL0="></latexit><latexit sha1_base64="AYoQXsilN4HyNblDfZMl5eDRZL0="></latexit>



Stability of the DGFEM

Lemma 9 (Coercivity & Continuity)
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Interior Penalty Parameter

�|F :=

�
���

���

C� max
��{�+,��}

�
CINV(p�, �, F)

p2�|F|
|�|

�
, F � FI

h , F � ��+ � ���,

C�CINV(p�, �, F)
p2�|F|
|�| , F � FB

h , F � ��.
<latexit sha1_base64="hjXWiYB1Fi7svRoR16P91yrdCA4="></latexit><latexit sha1_base64="hjXWiYB1Fi7svRoR16P91yrdCA4="></latexit><latexit sha1_base64="hjXWiYB1Fi7svRoR16P91yrdCA4="></latexit><latexit sha1_base64="hjXWiYB1Fi7svRoR16P91yrdCA4="></latexit>

For C� > Cmin
� we have

B̃d(v, v) � Ccoer|�v|�2
DG for all v � V ,

and
B̃d(w, v) � Ccont|�w|�DG |�v|�DG for all w, v � V .

<latexit sha1_base64="QztpIOwn0RpH2Jyhs4OBbuXHv3M="></latexit><latexit sha1_base64="QztpIOwn0RpH2Jyhs4OBbuXHv3M="></latexit><latexit sha1_base64="QztpIOwn0RpH2Jyhs4OBbuXHv3M="></latexit><latexit sha1_base64="QztpIOwn0RpH2Jyhs4OBbuXHv3M="></latexit>
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For v � V , we have the following identity

B̃d(v, v) = |�v|�2
DG � 2

�

F�FI
h �FB

h

�

F
{{�L2(�v)}} · [[v]]ds.

<latexit sha1_base64="RGV7JzKE8JLePlb1MsfvuoRiU3E=">AAAD/HicbVLLbhMxFJ00PMrwSmHJAouWKpWmURIWwAJUAWpZdFEeaSvFaeTx3CQmfoxszzSRNeJrWCG2fAL/wN/gSYPUSXslS8fnvnyPb5xyZmy7/be2Vr9x89bt9Tvh3Xv3HzxsbDw6NirTFHpUcaVPY2KAMwk9yyyH01QDETGHk3j6vvSf5KANU/KrnacwEGQs2YhRYj01bPzBUjGZgLRoX2m0lSPMJMKC2Akl3B0XWxE6Bz </latexit><latexit sha1_base64="RGV7JzKE8JLePlb1MsfvuoRiU3E=">AAAD/HicbVLLbhMxFJ00PMrwSmHJAouWKpWmURIWwAJUAWpZdFEeaSvFaeTx3CQmfoxszzSRNeJrWCG2fAL/wN/gSYPUSXslS8fnvnyPb5xyZmy7/be2Vr9x89bt9Tvh3Xv3HzxsbDw6NirTFHpUcaVPY2KAMwk9yyyH01QDETGHk3j6vvSf5KANU/KrnacwEGQs2YhRYj01bPzBUjGZgLRoX2m0lSPMJMKC2Akl3B0XWxE6Bz </latexit><latexit sha1_base64="RGV7JzKE8JLePlb1MsfvuoRiU3E=">AAAD/HicbVLLbhMxFJ00PMrwSmHJAouWKpWmURIWwAJUAWpZdFEeaSvFaeTx3CQmfoxszzSRNeJrWCG2fAL/wN/gSYPUSXslS8fnvnyPb5xyZmy7/be2Vr9x89bt9Tvh3Xv3HzxsbDw6NirTFHpUcaVPY2KAMwk9yyyH01QDETGHk3j6vvSf5KANU/KrnacwEGQs2YhRYj01bPzBUjGZgLRoX2m0lSPMJMKC2Akl3B0XWxE6Bz </latexit><latexit sha1_base64="RGV7JzKE8JLePlb1MsfvuoRiU3E=">AAAD/HicbVLLbhMxFJ00PMrwSmHJAouWKpWmURIWwAJUAWpZdFEeaSvFaeTx3CQmfoxszzSRNeJrWCG2fAL/wN/gSYPUSXslS8fnvnyPb5xyZmy7/be2Vr9x89bt9Tvh3Xv3HzxsbDw6NirTFHpUcaVPY2KAMwk9yyyH01QDETGHk3j6vvSf5KANU/KrnacwEGQs2YhRYj01bPzBUjGZgLRoX2m0lSPMJMKC2Akl3B0XWxE6Bz </latexit>

(Recall: |�v|�2
DG :=

�
��Th

��v�2
L2(�) +

�
F�FI

h �FB
h

�
F �|[[v]]|2ds)

<latexit sha1_base64="ey+M2MU0OBzJeruJyWjwE9kRndo=">AAADtHicbVJLbxMxEHYaHiW8UsqNAxYpUiLSKAmHQiVQJRDl0EN5hFbKJtGsd5KYeL0r2xsSbZf/yZ0fwuSB1E06kqXP38w3nhmPHytpXbP5p7BTvHX7zt3de6X7Dx4+elzee/LDRokR2BGRisylDxaV1Nhx0im8jA1C6Cu88CcfFv6LKRorI/3dzWPshTDScigFOKIG5d/VryhAqWN+UPK0CEbpNOu3j/k77tkkHKQeqox7yv 2KUk+Dr4BPs/Ss3656E4hjqGW83+av1sGfPKk9SjYEgTajiyOO5FaOQuBX3s8wpvRXpPCCgNvSQW1QrjQbzaXxbdBagwpb2/lgb+e5F0QiCVE7ocDabqsZu14KxkmhMCt5icUYxARG2CWoIUTbS5eDyvhLYgI+jAwd7fiSva5IIbR2HvoUGYIb203fgrzJ103c8E0vlTpOHGqxemiYKO4ivpg6D6RB4dScAAgjqVYuxmBAOPqb3CtaChySI9dJOjIQj6WY5VnA7MYKcyT9rtgKWzaZI2PrjBQTWydwqKMA63yBHM7cCr0O8oLlEGLcyD1LqAFSb7DKzZwBIi26EKRejD89lUrxb6Dtf54SLhzVj3Ikna2f0Y7q+qlBnNRywdcy+yHdl3OngoSJbEYr1dpcoG3QaTfeNlpf2pWT9+vd2mXP2AtWZS12xE7YZ3bOOkywv4VSYb/wtHhU7BVFEVehO4W1Zp/lrKj/Ab1FOSY=</latexit><latexit sha1_base64="ey+M2MU0OBzJeruJyWjwE9kRndo=">AAADtHicbVJLbxMxEHYaHiW8UsqNAxYpUiLSKAmHQiVQJRDl0EN5hFbKJtGsd5KYeL0r2xsSbZf/yZ0fwuSB1E06kqXP38w3nhmPHytpXbP5p7BTvHX7zt3de6X7Dx4+elzee/LDRokR2BGRisylDxaV1Nhx0im8jA1C6Cu88CcfFv6LKRorI/3dzWPshTDScigFOKIG5d/VryhAqWN+UPK0CEbpNOu3j/k77tkkHKQeqox7yv 2KUk+Dr4BPs/Ss3656E4hjqGW83+av1sGfPKk9SjYEgTajiyOO5FaOQuBX3s8wpvRXpPCCgNvSQW1QrjQbzaXxbdBagwpb2/lgb+e5F0QiCVE7ocDabqsZu14KxkmhMCt5icUYxARG2CWoIUTbS5eDyvhLYgI+jAwd7fiSva5IIbR2HvoUGYIb203fgrzJ103c8E0vlTpOHGqxemiYKO4ivpg6D6RB4dScAAgjqVYuxmBAOPqb3CtaChySI9dJOjIQj6WY5VnA7MYKcyT9rtgKWzaZI2PrjBQTWydwqKMA63yBHM7cCr0O8oLlEGLcyD1LqAFSb7DKzZwBIi26EKRejD89lUrxb6Dtf54SLhzVj3Ikna2f0Y7q+qlBnNRywdcy+yHdl3OngoSJbEYr1dpcoG3QaTfeNlpf2pWT9+vd2mXP2AtWZS12xE7YZ3bOOkywv4VSYb/wtHhU7BVFEVehO4W1Zp/lrKj/Ab1FOSY=</latexit><latexit sha1_base64="ey+M2MU0OBzJeruJyWjwE9kRndo=">AAADtHicbVJLbxMxEHYaHiW8UsqNAxYpUiLSKAmHQiVQJRDl0EN5hFbKJtGsd5KYeL0r2xsSbZf/yZ0fwuSB1E06kqXP38w3nhmPHytpXbP5p7BTvHX7zt3de6X7Dx4+elzee/LDRokR2BGRisylDxaV1Nhx0im8jA1C6Cu88CcfFv6LKRorI/3dzWPshTDScigFOKIG5d/VryhAqWN+UPK0CEbpNOu3j/k77tkkHKQeqox7yv 2KUk+Dr4BPs/Ss3656E4hjqGW83+av1sGfPKk9SjYEgTajiyOO5FaOQuBX3s8wpvRXpPCCgNvSQW1QrjQbzaXxbdBagwpb2/lgb+e5F0QiCVE7ocDabqsZu14KxkmhMCt5icUYxARG2CWoIUTbS5eDyvhLYgI+jAwd7fiSva5IIbR2HvoUGYIb203fgrzJ103c8E0vlTpOHGqxemiYKO4ivpg6D6RB4dScAAgjqVYuxmBAOPqb3CtaChySI9dJOjIQj6WY5VnA7MYKcyT9rtgKWzaZI2PrjBQTWydwqKMA63yBHM7cCr0O8oLlEGLcyD1LqAFSb7DKzZwBIi26EKRejD89lUrxb6Dtf54SLhzVj3Ikna2f0Y7q+qlBnNRywdcy+yHdl3OngoSJbEYr1dpcoG3QaTfeNlpf2pWT9+vd2mXP2AtWZS12xE7YZ3bOOkywv4VSYb/wtHhU7BVFEVehO4W1Zp/lrKj/Ab1FOSY=</latexit><latexit sha1_base64="ey+M2MU0OBzJeruJyWjwE9kRndo=">AAADtHicbVJLbxMxEHYaHiW8UsqNAxYpUiLSKAmHQiVQJRDl0EN5hFbKJtGsd5KYeL0r2xsSbZf/yZ0fwuSB1E06kqXP38w3nhmPHytpXbP5p7BTvHX7zt3de6X7Dx4+elzee/LDRokR2BGRisylDxaV1Nhx0im8jA1C6Cu88CcfFv6LKRorI/3dzWPshTDScigFOKIG5d/VryhAqWN+UPK0CEbpNOu3j/k77tkkHKQeqox7yv 2KUk+Dr4BPs/Ss3656E4hjqGW83+av1sGfPKk9SjYEgTajiyOO5FaOQuBX3s8wpvRXpPCCgNvSQW1QrjQbzaXxbdBagwpb2/lgb+e5F0QiCVE7ocDabqsZu14KxkmhMCt5icUYxARG2CWoIUTbS5eDyvhLYgI+jAwd7fiSva5IIbR2HvoUGYIb203fgrzJ103c8E0vlTpOHGqxemiYKO4ivpg6D6RB4dScAAgjqVYuxmBAOPqb3CtaChySI9dJOjIQj6WY5VnA7MYKcyT9rtgKWzaZI2PrjBQTWydwqKMA63yBHM7cCr0O8oLlEGLcyD1LqAFSb7DKzZwBIi26EKRejD89lUrxb6Dtf54SLhzVj3Ikna2f0Y7q+qlBnNRywdcy+yHdl3OngoSJbEYr1dpcoG3QaTfeNlpf2pWT9+vd2mXP2AtWZS12xE7YZ3bOOkywv4VSYb/wtHhU7BVFEVehO4W1Zp/lrKj/Ab1FOSY=</latexit>

For F � ��+ � ���, �± � Th, upon application of the Cauchy-Schwarz inequality
and the arithmetic-geometric mean inequality, we deduce that

�

F
{{�L2(�v)}} · [[v]]ds � 1

2

�
� 1�

�
�L2(�v+)�L2(F) + � 1�

�
�L2(�v�)�L2(F)

�

��
�

�[[v]]�L2(F)

� �

�
� 1�

�
�L2(�v+)�2

L2(F) + � 1�
�
�L2(�v�)�2

L2(F)

�

+
1
8�

�
�

�[[v]]�2
L2(F).

<latexit sha1_base64="9lJbB9gocoZyGJ/qvnPGdJr4szs=">AAAGQnicpVTBbhs3EN1YVZtu2iZOjz2UiB3DgiVDUg9NLkWAFE4PObhInQQwLWGWO9Ky4pI0yXWsLPY/ck3+JR+Rb+ip6LWHzEqyI8k+FM0chNEbzuO8Wc4kVkkfut0PNzYaXzS//Orm1/Gtb7797vadzbvPvSmcwCNhlHEvE/CopMajIIPCl9Yh5InCF8nkcR1/cYbOS6P/CFOLJzmMtRxJAYGg4WbjFtdG6hR1YAfGse0D7o </latexit><latexit sha1_base64="9lJbB9gocoZyGJ/qvnPGdJr4szs=">AAAGQnicpVTBbhs3EN1YVZtu2iZOjz2UiB3DgiVDUg9NLkWAFE4PObhInQQwLWGWO9Ky4pI0yXWsLPY/ck3+JR+Rb+ip6LWHzEqyI8k+FM0chNEbzuO8Wc4kVkkfut0PNzYaXzS//Orm1/Gtb7797vadzbvPvSmcwCNhlHEvE/CopMajIIPCl9Yh5InCF8nkcR1/cYbOS6P/CFOLJzmMtRxJAYGg4WbjFtdG6hR1YAfGse0D7o </latexit><latexit sha1_base64="9lJbB9gocoZyGJ/qvnPGdJr4szs=">AAAGQnicpVTBbhs3EN1YVZtu2iZOjz2UiB3DgiVDUg9NLkWAFE4PObhInQQwLWGWO9Ky4pI0yXWsLPY/ck3+JR+Rb+ip6LWHzEqyI8k+FM0chNEbzuO8Wc4kVkkfut0PNzYaXzS//Orm1/Gtb7797vadzbvPvSmcwCNhlHEvE/CopMajIIPCl9Yh5InCF8nkcR1/cYbOS6P/CFOLJzmMtRxJAYGg4WbjFtdG6hR1YAfGse0D7o </latexit><latexit sha1_base64="9lJbB9gocoZyGJ/qvnPGdJr4szs=">AAAGQnicpVTBbhs3EN1YVZtu2iZOjz2UiB3DgiVDUg9NLkWAFE4PObhInQQwLWGWO9Ky4pI0yXWsLPY/ck3+JR+Rb+ip6LWHzEqyI8k+FM0chNEbzuO8Wc4kVkkfut0PNzYaXzS//Orm1/Gtb7797vadzbvPvSmcwCNhlHEvE/CopMajIIPCl9Yh5InCF8nkcR1/cYbOS6P/CFOLJzmMtRxJAYGg4WbjFtdG6hR1YAfGse0D7o </latexit>
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Employing the inverse inequality, the definition of �, and the above inequality
gives

�

F
{{�L2(�v)}} · [[v]]ds

� �

�
CINV(p�+ , �+, F)

p2�+ |F|
|�+| � 1�

�
�L2(�v)�2

L2(�+)

+ CINV(p�� , ��, F)
p2�� |F|
|��| � 1�

�
�L2(�v)�2

L2(��)

�
+

1
8�

�
�

�[[v]]�2
L2(F)

� �

C�

�
��v�2

L2(�+) + ��v�2
L2(��)

�
+

1
8�

�
�

�[[v]]�2
L2(F).

<latexit sha1_base64="pilfmT51OwUcsS3nYk7qbBYtx0g=">AAAGgXicrVRdb9NIFDUNBDCwUHjkgStKUbJ1oiQ8AEJCSGXLghAqWgpInTYaj2+SIeOxOzOOGjn+UfyaFW/wT3bs2ChOywvakSzfuR9nzrnz4ceCa9Prfbuw0bh4qXn5ylX32vUbf9y8tXn7o44SxfCARSJSn32qUXCJB4YbgZ9jhTT0BX7yp7t5/NMMleaR/GDmMR6FdCz5iDNqrGu42XhDZMRlgNLAX2EsojmXYzATBC7zuv </latexit><latexit sha1_base64="pilfmT51OwUcsS3nYk7qbBYtx0g=">AAAGgXicrVRdb9NIFDUNBDCwUHjkgStKUbJ1oiQ8AEJCSGXLghAqWgpInTYaj2+SIeOxOzOOGjn+UfyaFW/wT3bs2ChOywvakSzfuR9nzrnz4ceCa9Prfbuw0bh4qXn5ylX32vUbf9y8tXn7o44SxfCARSJSn32qUXCJB4YbgZ9jhTT0BX7yp7t5/NMMleaR/GDmMR6FdCz5iDNqrGu42XhDZMRlgNLAX2EsojmXYzATBC7zuv </latexit><latexit sha1_base64="pilfmT51OwUcsS3nYk7qbBYtx0g=">AAAGgXicrVRdb9NIFDUNBDCwUHjkgStKUbJ1oiQ8AEJCSGXLghAqWgpInTYaj2+SIeOxOzOOGjn+UfyaFW/wT3bs2ChOywvakSzfuR9nzrnz4ceCa9Prfbuw0bh4qXn5ylX32vUbf9y8tXn7o44SxfCARSJSn32qUXCJB4YbgZ9jhTT0BX7yp7t5/NMMleaR/GDmMR6FdCz5iDNqrGu42XhDZMRlgNLAX2EsojmXYzATBC7zuv </latexit><latexit sha1_base64="pilfmT51OwUcsS3nYk7qbBYtx0g=">AAAGgXicrVRdb9NIFDUNBDCwUHjkgStKUbJ1oiQ8AEJCSGXLghAqWgpInTYaj2+SIeOxOzOOGjn+UfyaFW/wT3bs2ChOywvakSzfuR9nzrnz4ceCa9Prfbuw0bh4qXn5ylX32vUbf9y8tXn7o44SxfCARSJSn32qUXCJB4YbgZ9jhTT0BX7yp7t5/NMMleaR/GDmMR6FdCz5iDNqrGu42XhDZMRlgNLAX2EsojmXYzATBC7zuv </latexit>

Stability of the L2-projector �L2 in the L2-norm: for v � [V ]d, � � Th,

��L2v�L2(�) � �v�L2(�).
<latexit sha1_base64="oco9rlUZlMa0OZiCcqe+yEioEf0=">AAAD/XicbVLLjtowFA3Qx5Q+hmmXXdQqqcRIDAK66GNRjdRK08UsqCgzIxEGOc4NuDh2ZDsjUBSpX9NV1W0/od/Qv+lNoNIE8Or4nHOvfR9+LLix3e7fSrV25+69+wcP6g8fPX5y2Dh6emFUohmMmBJKX/nUgOASRpZbAVexBhr5Ai79xcdcv7wBbbiSX+0qhklEZ5KHnFGL1LTxx5OKywCkJUNLfS64XREVEjsHUnfPr/vuSa </latexit><latexit sha1_base64="oco9rlUZlMa0OZiCcqe+yEioEf0=">AAAD/XicbVLLjtowFA3Qx5Q+hmmXXdQqqcRIDAK66GNRjdRK08UsqCgzIxEGOc4NuDh2ZDsjUBSpX9NV1W0/od/Qv+lNoNIE8Or4nHOvfR9+LLix3e7fSrV25+69+wcP6g8fPX5y2Dh6emFUohmMmBJKX/nUgOASRpZbAVexBhr5Ai79xcdcv7wBbbiSX+0qhklEZ5KHnFGL1LTxx5OKywCkJUNLfS64XREVEjsHUnfPr/vuSa </latexit><latexit sha1_base64="oco9rlUZlMa0OZiCcqe+yEioEf0=">AAAD/XicbVLLjtowFA3Qx5Q+hmmXXdQqqcRIDAK66GNRjdRK08UsqCgzIxEGOc4NuDh2ZDsjUBSpX9NV1W0/od/Qv+lNoNIE8Or4nHOvfR9+LLix3e7fSrV25+69+wcP6g8fPX5y2Dh6emFUohmMmBJKX/nUgOASRpZbAVexBhr5Ai79xcdcv7wBbbiSX+0qhklEZ5KHnFGL1LTxx5OKywCkJUNLfS64XREVEjsHUnfPr/vuSa </latexit><latexit sha1_base64="oco9rlUZlMa0OZiCcqe+yEioEf0=">AAAD/XicbVLLjtowFA3Qx5Q+hmmXXdQqqcRIDAK66GNRjdRK08UsqCgzIxEGOc4NuDh2ZDsjUBSpX9NV1W0/od/Qv+lNoNIE8Or4nHOvfR9+LLix3e7fSrV25+69+wcP6g8fPX5y2Dh6emFUohmMmBJKX/nUgOASRpZbAVexBhr5Ai79xcdcv7wBbbiSX+0qhklEZ5KHnFGL1LTxx5OKywCkJUNLfS64XREVEjsHUnfPr/vuSa </latexit>
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Similarly, for F � FB
h , where F � ��, � � Th, we get

�

F
{{�L2(�v)}} · [[v]]ds � �

C�
��v�2

L2(�) +
1
4�

�
�

�[[v]]�2
L2(F).

<latexit sha1_base64="ojdul+B18tW3LI0g2EDjVfB1Dzg=">AAAEZHicbVPBbhMxEN20AcpCoaHihAQWLVIq0igJSMAFVSpqOfRQVEIr1Wk0650kJl57a3tLotX+BV/DFX6CL+A38CZb6Kad0/ObmTfj8TiIBTe21fpdWVqu3rp9Z+Wuf+/+6oOHa7VHX4xKNMMuU0LpkwAMCi6xa7kVeBJrhCgQeByMd3P/8QVqw5X8bKcx9iIYSj7gDKyj+rXKNpWKyxClJUc84gK0mDbIQGmyuUcol4QGoZ </latexit><latexit sha1_base64="ojdul+B18tW3LI0g2EDjVfB1Dzg=">AAAEZHicbVPBbhMxEN20AcpCoaHihAQWLVIq0igJSMAFVSpqOfRQVEIr1Wk0650kJl57a3tLotX+BV/DFX6CL+A38CZb6Kad0/ObmTfj8TiIBTe21fpdWVqu3rp9Z+Wuf+/+6oOHa7VHX4xKNMMuU0LpkwAMCi6xa7kVeBJrhCgQeByMd3P/8QVqw5X8bKcx9iIYSj7gDKyj+rXKNpWKyxClJUc84gK0mDbIQGmyuUcol4QGoZ </latexit><latexit sha1_base64="ojdul+B18tW3LI0g2EDjVfB1Dzg=">AAAEZHicbVPBbhMxEN20AcpCoaHihAQWLVIq0igJSMAFVSpqOfRQVEIr1Wk0650kJl57a3tLotX+BV/DFX6CL+A38CZb6Kad0/ObmTfj8TiIBTe21fpdWVqu3rp9Z+Wuf+/+6oOHa7VHX4xKNMMuU0LpkwAMCi6xa7kVeBJrhCgQeByMd3P/8QVqw5X8bKcx9iIYSj7gDKyj+rXKNpWKyxClJUc84gK0mDbIQGmyuUcol4QGoZ </latexit><latexit sha1_base64="ojdul+B18tW3LI0g2EDjVfB1Dzg=">AAAEZHicbVPBbhMxEN20AcpCoaHihAQWLVIq0igJSMAFVSpqOfRQVEIr1Wk0650kJl57a3tLotX+BV/DFX6CL+A38CZb6Kad0/ObmTfj8TiIBTe21fpdWVqu3rp9Z+Wuf+/+6oOHa7VHX4xKNMMuU0LpkwAMCi6xa7kVeBJrhCgQeByMd3P/8QVqw5X8bKcx9iIYSj7gDKyj+rXKNpWKyxClJUc84gK0mDbIQGmyuUcol4QGoZ </latexit>

Hence, we deduce that

B̃d(v, v) �
�
1 � 2CF

C�
�

� �

��Th

��v�2L2(�) +

�
1 � 1

2�

� �

F�FI
h �FB

h

�
�

�[[v]]�2L2(F).
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Given Assumption 2 holds, i.e., that the number of elemental faces is uniformly 
bounded, we deduce that if

C� > 2CF� for some � > 1/2
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then the bilinear form B̃d(·, ·) is coercive over V � V .
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The proof of continuity follows analogously: left as an exercise.
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Set 1 Set 2 Set 3 Set 4

Mesh 1 0.7385 0.7375 0.7370 0.7364

Mesh 2 0.7624 0.7564 0.7559 0.7545

Mesh 3 0.7827 0.7818 0.7720 0.7611

Mesh 4 0.8153 0.8054 0.8001 0.7827

Set 1

Set 4
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Lemma 10 (Strang’s Second Lemma)

Let u � H1(�) be the weak solution of our PDE problem and uh � Vp(Th)
its DGFEM approximation. Given Assumption 1 holds, we have that

|�u � uh|�DG �
�
1 +

Ccont

Ccoer

�
inf

vh�Vp(Th)
|�u � vh|�DG

+
1

Ccoer
sup

wh�Vp(Th)\{0}

|B̃d(u,wh) � �̃(wh)|
|�wh|�DG

.
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Proof: Employing the triangle inequality gives

|�u � uh|�DG � |�u � vh|�DG + |�vh � uh|�DG �vh � Vp(Th).
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Exploiting coercivity and continuity, we obtain

|�vh � uh|�2
DG � 1

Ccoer
B̃d(vh � uh, vh � uh)

=
1

Ccoer
(B̃d(vh � u, vh � uh) + B̃d(u � uh, vh � uh))

� Ccont

Ccoer
|�u � vh|�DG|�vh � uh|�DG

+
1

Ccoer
(B̃d(u, vh � uh) � �̃(vh � uh)).
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Hence

|�vh � uh|�DG � Ccont

Ccoer
|�u � vh|�DG +

1
Ccoer

B̃d(u, vh � uh) � �̃(vh � uh)
|�vh � uh|�DG

� Ccont

Ccoer
|�u � vh|�DG +

1
Ccoer

sup
wh�Vp(Th)\{0}

|B̃d(u,wh) � �̃(wh)|
|�wh|�DG
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By defining �̃p by �̃p|� := �̃p� , for � � Th, given that Assumption 2 holds,
we deduce that

inf
vh�Vp(Th)

|�u � vh|�2
DG � |�u � �̃pu|�2

DG

�
�

��Th

�
��(u � �̃p�u)�2

L2(�) + 2
�

F���

��(u � �̃p�u)|��2
L2(F)

�

� C
�

��Th

h2(s��1)
�

p2(l��1)
�

�
1 +

h�d+2
�

p�

�

F���

Cm(p�, �, F)�|F|
�

�Eu�2
Hl� (K),

with s� = min{p� + 1, l�} and C a positive constant, which depends on the
shape-regularity of the covering T �

h . Here,

Cm(p, �, F) = min
� hd�

sup�F
�
�� |�F

�|
,

1
p1�d

�
.
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