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By applying integration by parts elementwise and noting that u is the analytical
solution of the PDE, we get

Ba(u, wy) — £(u, wh)‘ — ‘ Z /{{(Vu — II2(Vu)) } - [[wh]]ds‘

FEFFUFP i
(Y [o V- ma(vapias)
FEFFUFP ]

x|[[whlllpe-

VAN

Here, we have used the identity

Z/{qumwds: Z/F{{q}}.[[v]]ds+ > /F[[q]]{{v}}ds,

KT Fe Fh FeFr
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Adding and subtracting IT,(Vu), gives

S / o 1{(Vu — Ta(Vu)) J 2ds

FEFIUFP

< ¥ / 20~ (|f{(Vu — TL,(Vu)) }2 + [ (TLz (FL,(Vu) — V) 2)ds

FEFIUFF
— ||| ”2
Exploiting approximation bounds yields

28,{_ B
hK}( 1) h,{d 0 )
h<CY S > Conlprs 5, o [F] | [[€ullFn iy

- po!
KETyh K R FCOk
Similarly, employing the inverse inequality, the L%-stability of the
projector 11,2, and approximation bounds, gives

hi(s”“_l) K|~ _
I, <C Z 200 || Z Cinv (prss &, F)o ™' |F HQSUH2H’FL(IC)'

KET, PR R FCOK
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Combining the above above bounds, we deduce:

~ ~

]Bd(u, Wh) — E(u, Wh)‘

sup
wh VP (Th)\ {0} |[[whll|pc
< (Il +11,) "2
hzﬁ(sm_l)
=C Z 2(l.—1)
KETh Pr
h ¢ K7\
X Z (Cm(Pm/faF) 5 + Cnv (pr, K. F)—— )U F|
FCOkK P P

| /2
X \(’EU\fn%(m) -
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Given that 7, = {x} satisfies Assumptions 2 & 3. Assuming u|, € H'=(k),

I, > | +d/2, for each k € T, such that €u|x € H'=(K), where K € 7;ﬁ
with K C K, then

hi(sﬁs_l)
llu = unlln < €37 M (1 + GelF, Covv, Gos b)) €
A=y Pr
with s,, = min{p, + I,/ },
g,{(F, CINV) Cm7pli) — P/ﬁ:h;d Z Cm(PK,) R, F)O-_I |F’
FCOk
_I_Pi'/{‘_l Z CINV(PM K, F)U_I ‘F‘
FCOk
+h P2p 1S - Co(p, 5, F)alF,
FCOk

where C is a positive constant, which depends on the shape-regularity of 7;11.
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e For uniform orders p,, = p > |, h = max,c7 hy, Sx =S, s = min{p + 1,1},
| > | +d/2, and diam(F) ~ h,, F C Ok, k € T, we get the bound

hs—l
PI_3/2

llu = unlllpe < C=zllullie),

cf. H., Schwab & Suli 2002.
e Optimal in h and suboptimal in p by p'/2.
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DGFEMs on Polytopic Meshes I: Elliptic PDEs

Error Analysis Il: Arbitrary number of element faces
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Recall: Definition | (Shape-Regularity)

A subdivision 7}, is said to be shape-regular if
there exists a positive constant C;. such that:

y\
hy
\V/lﬁl = 7717 T S CI‘7 ‘

Pk h,.

independently of the mesh parameters, where p,
denotes the diameter of the largest ball contained
in K.

Given F C OT, where T is a d-simplex, the volume of T is given by

| T
Tl = —|F = = —d
TI=glflbr = br=d

where ht denotes the height of T above F.
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For any x € T, there exists a set of non-overlapping d-dimensional simplices
{K! }rcon C F* contained in £, such that for all F C Ok, the following holds

h, <

where C; is a positive constant, which is independent of the discretization
parameters, the number of faces that the element possesses, and |F|.

Note that

) & Ck
FCOk
Furthermore,

. := min d|r;|/|F.
pw = min d|sf]|/|F
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Lemma | |

Let k € Tp; then assuming Assumption 4 is satisfied, for each v € P, (k),
the following inverse inequality holds

PZ
Moy < CsCinv.td VI ey

K
Here, C is independent of v, |k|/ SUD F K{], |F|, and p

The proof is based on applying Lemma 2 over each simplex /ﬁllb: contained
within x, together with Assumption 4; thereby, we get

F| p’
VIR < §;Cim,|p2wuv|yfz(,g <D CGGinvady = Ml
b K

VA
O
o
-
<
Q.
-
=<
N
z
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Let Kk € Tpand I € 7,? the corresponding simplex such that k C K.
Suppose that v € H' (Q) is such that &v| € H'=(K), for some
I, > /2. Then, given that Assumption 4 is satisfied, we have

K hf.:_l/z
HV o HPV||L2(8/<;) < CI,5 PIK’_I/Z HgVHH’K: ()

where s, = min{p + |,/ } and C; 5 is a positive constant depending on
C; and the shape-regularity of K, but is independent of v, h, p.
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