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Preconditioning

Finite element method (FEM)

Boundary element method (BEM)

Large sparse/compressed
linear systems of equations

Ax = b

Iterative solution by preconditioned Krylov-subspace methods

Preconditioner for A ∈ Rn,n: Linear operator C : Rn → Rn,

x 7→ C(x) “cheap” & “κ(CA) small”

Best-known: A s.p.d. and conjugate gradient (CG) method

���e(k)
��� ≤

2γk

1 + γ2k

���e(0)
��� , γ :=

�
κ(CA)− 1�
κ(CA) + 1

.

κ(CA) =̂ spectral condition number
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Large sparse/compressed
linear systems of equations

Ax = b

Iterative solution by preconditioned Krylov-subspace methods

Preconditioner for A ∈ Rn,n: Linear operator C : Rn → Rn,

x 7→ C(x) “cheap” & “κ(CA) small”

Krylov methods: CG
CGS, CGN
MINRES, GMRES, ORTHODIR
BiCG, BICGStab

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 2 / 14



c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 3 / 14



c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 3 / 14



c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 3 / 14



Abstract Theorem

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

• Stable discrete duality pairing : sesqui-linear form d ∈ L(V × W ,C)

∃cD > 0: sup
vh∈Vh

|d(vh,wh)|

kvhkV

≥ cD kwhkW ∀wh ∈ Wh .

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

• Stable discrete duality pairing : sesqui-linear form d ∈ L(V × W ,C)

∃cD > 0: sup
vh∈Vh

|d(vh,wh)|

kvhkV

≥ cD kwhkW ∀wh ∈ Wh .

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

• Stable discrete duality pairing : sesqui-linear form d ∈ L(V × W ,C)

∃cD > 0: sup
vh∈Vh

|d(vh,wh)|

kvhkV

≥ cD kwhkW ∀wh ∈ Wh .

✤

✣

✜

✢
Spectral condition number κ(D−1BD−HA) ≤ kAhk kA−1

h k kBhk kB−1
h k

kdk2

c2
D

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

• Stable discrete duality pairing : sesqui-linear form d ∈ L(V × W ,C)

∃cD > 0: sup
vh∈Vh

|d(vh,wh)|

kvhkV

≥ cD kwhkW ∀wh ∈ Wh .

✤

✣

✜

✢
Spectral condition number κ(D−1BD−HA) ≤ kAhk kA−1

h k kBhk kB−1
h k

kdk2

c2
Dany Galerkin matrices

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

• Stable discrete duality pairing : sesqui-linear form d ∈ L(V × W ,C)

∃cD > 0: sup
vh∈Vh

|d(vh,wh)|

kvhkV

≥ cD kwhkW ∀wh ∈ Wh .

✤

✣

✜

✢
Spectral condition number κ(D−1BD−HA) ≤ kAhk kA−1

h k kBhk kB−1
h k

kdk2

c2
D

preconditioner C = D−1BD−H

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

• Stable discrete duality pairing : sesqui-linear form d ∈ L(V × W ,C)

∃cD > 0: sup
vh∈Vh

|d(vh,wh)|

kvhkV

≥ cD kwhkW ∀wh ∈ Wh .

✤

✣

✜

✢
Spectral condition number κ(D−1

h BhD−∗
h Ah) ≤ kAhk kA−1

h k kBhk kB−1
h k

kdk2

c2
D

preconditioner C = D−1BD−H

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

• Stable discrete duality pairing : sesqui-linear form d ∈ L(V × W ,C)

∃cD > 0: sup
vh∈Vh

|d(vh,wh)|

kvhkV

≥ cD kwhkW ∀wh ∈ Wh .

✤

✣

✜

✢
κ(AHCHCA) ≤

�
kAhk kA−1

h k kBhk kB−1
h k

kdk2

c2
D

�2

preconditioner C = D−1BD−H

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

• Stable discrete duality pairing : sesqui-linear form d ∈ L(V × W ,C)

∃cD > 0: sup
vh∈Vh

|d(vh,wh)|

kvhkV

≥ cD kwhkW ∀wh ∈ Wh .

✤

✣

✜

✢
Spectral condition number κ(D−1BD−HA) ≤ kAhk kA−1

h k kBhk kB−1
h k

kdk2

c2
D

preconditioner C = D−1BD−H

R. HIPTMAIR, Operator preconditioning, Computers and
Mathematics with Applications, 52 (2006), pp. 699–706.

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

• Stable discrete duality pairing : sesqui-linear form d ∈ L(V × W ,C)

∃cD > 0: sup
vh∈Vh

|d(vh,wh)|

kvhkV

≥ cD kwhkW ∀wh ∈ Wh .

✤

✣

✜

✢
Spectral condition number κ(D−1BD−HA) ≤ kAhk kA−1

h k kBhk kB−1
h k

kdk2

c2
D

preconditioner C = D−1BD−H

R. HIPTMAIR, Operator preconditioning, Computers and
Mathematics with Applications, 52 (2006), pp. 699–706.

S. CHRISTIANSEN AND J.-C. NÉDÉLEC, Des préconditionneurs
pour la résolution numérique des équations intégrales de frontiére

de l’acoustique, C.R. Acad. Sci. Paris, Ser. I Math, 330 (2000),
pp. 617–622.

O. STEINBACH AND W. WENDLAND, The construction of some

efficient preconditioners in the boundary element method, Adv.
Comput. Math, 9 (1998), pp. 191–216.

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Abstract Theorem

• V ,W refl. Banach spaces, A ∈ L(V ,V ′), B ∈ L(W ,W ′) isomorphisms.

• Finite dimensional trial/test spaces Vh ⊂ V , Wh ⊂ W such that

❶ Ah := A|Vh
: Vh 7→ V ′

h, Bh := B|Wh
: Wh 7→ W ′

h (h-uniformly) stable

❷ dimVh = dimWh =: N

• Stable discrete duality pairing : sesqui-linear form d ∈ L(V × W ,C)

∃cD > 0: sup
vh∈Vh

|d(vh,wh)|

kvhkV

≥ cD kwhkW ∀wh ∈ Wh .

✤

✣

✜

✢
Spectral condition number κ(D−1BD−HA) ≤ kAhk kA−1

h k kBhk kB−1
h k

kdk2

c2
D

preconditioner C = D−1BD−H

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 4 / 14



Electric Field Integral Equation (EFIE)

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 6 / 14



Electric Field Integral Equation (EFIE)

✄ Γ =̂ boundary of a domain Ω ⊂ R3, wave number k > 0

✄ Hilbert space V = H−1/2(divΓ, Γ) := {v ∈ H
− 1

2
t (Γ),∇ · v ∈ H− 1

2 (Γ)}

a(u, v) =

�

Γ

�

Γ

eik |x−y |

4π|x − y |

�
u(y) · v(x)−

1
k2 ∇ · u(y)∇ · v(x)

�
dS(y , x) .
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a(u, v) =
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Γ

�

Γ

eik |x−y |

4π|x − y |

�
u(y) · v(x)−

1
k2 ∇ · u(y)∇ · v(x)

�
dS(y , x) .

Galerkin discretization ➣ surface RT0/RWG elements (space Vh)

✬

✫

✩

✪

If k 6= interior resonant
frequency of Ω, then a|Vh

satisfies h-uniform inf-
sup condition on suffi-
ciently fine and shape
regular meshes.
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◮ “Temptation”: Wh = Vh

This is flawed !
S. CHRISTIANSEN AND J.-C. NÉDÉLEC, A preconditioner for the

electric field integral equation based on Calderón formulas, SIAM
J. Numer. Anal., 40 (2002), pp. 1100–1135.

∃ subspace Nh ⊂ Vh, C, c > 0: dimNh ≥ c dimVh such that

∀uh ∈ Nh: sup
vh∈Vh

d(uh, vh)

kvhk− 1
2 ,divΓ

≤ Ch
1/2 kuhk− 1

2 ,divΓ
.
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Single Layer Boundary Integral Equation

◮ V = H− 1
2 (Γ) (dual of trace space for H1(Ω))
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Single Layer Boundary Integral Equation

◮ V = H− 1
2 (Γ) (dual of trace space for H1(Ω))

◮ Single layer boundary integral operator A : V 7→ V ′ for −Δ

←→ a(ϕ,ψ) :=

�

Γ

�

Γ

1
4π|x − y|

ϕ(x)ψ(y) dS(x, y) .

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 8 / 14



Single Layer Boundary Integral Equation

◮ V = H− 1
2 (Γ) (dual of trace space for H1(Ω))

◮ Single layer boundary integral operator A : V 7→ V ′ for −Δ

←→ a(ϕ,ψ) :=

�

Γ

�

Γ

1
4π|x − y|

ϕ(x)ψ(y) dS(x, y) .

◮ Duality pairing between V = H− 1
2 (Γ) and W = H

1
2 (Γ):

d(u, v) :=

�

Γ

u v dS trivially stable

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 8 / 14



Single Layer Boundary Integral Equation

◮ V = H− 1
2 (Γ) (dual of trace space for H1(Ω))

◮ Single layer boundary integral operator A : V 7→ V ′ for −Δ

←→ a(ϕ,ψ) :=

�

Γ

�

Γ

1
4π|x − y|

ϕ(x)ψ(y) dS(x, y) .

◮ Duality pairing between V = H− 1
2 (Γ) and W = H

1
2 (Γ):

d(u, v) :=

�

Γ

u v dS trivially stable

◮ Hypersingular boundary integral operator B : W → W ′

↔ b(u, v) :=

�

Γ

�

Γ

1
4π|x − y|

∇Γ × u(x) ·∇Γ × v(y) dS(x, y) +

�

Γ

u dS

�

Γ

v dS

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 8 / 14



Single Layer Boundary Integral Equation

◮ V = H− 1
2 (Γ) (dual of trace space for H1(Ω))

◮ Single layer boundary integral operator A : V 7→ V ′ for −Δ

←→ a(ϕ,ψ) :=

�

Γ

�

Γ

1
4π|x − y|

ϕ(x)ψ(y) dS(x, y) .

◮ Duality pairing between V = H− 1
2 (Γ) and W = H

1
2 (Γ):

d(u, v) :=

�

Γ

u v dS trivially stable

◮ Hypersingular boundary integral operator B : W → W ′

↔ b(u, v) :=

�

Γ

�

Γ

1
4π|x − y|

∇Γ × u(x) ·∇Γ × v(y) dS(x, y) +

�

Γ

u dS

�

Γ

v dS

◮ Simplest Galerkin space: Vh =̂ piecewise constants

Vh 6⊂ W ➣ Wh = Vh not an option: What is Wh ?
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�
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1
4π|x − y|

∇Γ × u(x) ·∇Γ × v(y) dS(x, y) +

�

Γ

u dS
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Γ

v dS

◮ Simplest Galerkin space: Vh =̂ piecewise constants

Vh 6⊂ W ➣ Wh = Vh not an option: What is Wh ?

Required dimVh = dimWh, Wh ⊂ C0(Γ)
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(Discrete) Exterior Calculus: ∧-Pairing

Summary: First kind boundary integral operators:
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ΓD

ΓN

Recall: discrete Hodge operators
based on dual meshes

h⋆ωh, ηhi =

�

Ω

ωh ∧ ηh

for all discrete n − l-forms ωh,
discrete l-forms ηh
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Dual Meshes

mesh Γh ↔ dual mesh �Γh

nodes ↔ cells
edges ↔ edges
cells ↔ nodes
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Dual Meshes

mesh Γh ↔ dual mesh �Γh

nodes ↔ cells
edges ↔ edges
cells ↔ nodes

Idea:
Vh ↔ l-facets of Γh ⇔ Wh ↔ 2 − l-facets of �Γh

(l = 2 =̂ scalar single layer, l = 1 =̂ EFIE)

O. STEINBACH AND W. WENDLAND, The construction of some

efficient preconditioners in the boundary element method, Adv.
Comput. Math., 9 (1998), pp. 191–216.

O. STEINBACH, On a generalized L2 projection and some related

stability estimates in Sobolev spaces, Numer. Math., 90 (2002),
pp. 775–786.

O. STEINBACH, Stability estimates for hybrid coupled domain
decomposition methods, vol. 1809 of Lecture Notes in
Mathematics, Springer-Verlag, Berlin, 2003.
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Duality via Dual Meshes: Scalar Case
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For V = H− 1
2 (Γ):

Vh

l

p.w. constant on cells of Γh

↔

c
 R. Hiptmair (SAM, ETH Zürich) BEM Roscoff Spring School, April 2018 11 / 14



Duality via Dual Meshes: Scalar Case

For V = H− 1
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p.w. constant on cells of Γh ←→ “p.w. linear” & C0 on �Γh
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Duality via Dual Meshes: Scalar Case

For V = H− 1
2 (Γ):

Vh ←→ Wh

l l

p.w. constant on cells of Γh ←→ “p.w. linear” & C0 on �Γh

↔

☛
✡

✟
✠h-uniform stability of discrete duality paiting (u, v) 7→

�
uv dS on Vh × Wh
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Duality via Dual Meshes: Vectorial Case
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Duality via Dual Meshes: Vectorial Case

For V = W = H−1/2(divΓ, Γ): (↔ electric field integral equation)
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For V = W = H−1/2(divΓ, Γ): (↔ electric field integral equation)

Vh

l

RT0 elements on Γh
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Duality via Dual Meshes: Vectorial Case

For V = W = H−1/2(divΓ, Γ): (↔ electric field integral equation)

Vh ←→ Wh

l l

RT0 elements on Γh ←→ RT0 elements on �Γh (?)

Idea: Wh ⊂ RT0 elements on �Γh, �Γh = barycentric refinement of Γh

supporting edge of �Γh
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RT0 elements on Γh ←→ RT0 elements on �Γh (?)

Idea: Wh ⊂ RT0 elements on �Γh, �Γh = barycentric refinement of Γh

✁ Basis function of Wh

•: edges of barycentric re-
finement with nonzero con-
tribution to basis function at
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supporting edge of �Γh
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Duality via Dual Meshes: Vectorial Case

For V = W = H−1/2(divΓ, Γ): (↔ electric field integral equation)

Vh ←→ Wh

l l

RT0 elements on Γh ←→ RT0 elements on �Γh (?)

Idea: Wh ⊂ RT0 elements on �Γh, �Γh = barycentric refinement of Γh

✁ Basis function of Wh

•: edges of barycentric re-
finement with nonzero con-
tribution to basis function at
—

supporting edge of �Γh

A. BUFFA AND S. CHRISTIANSEN, A dual finite element complex
on the barycentric refinement, Math. Comp., 76 (2007),
pp. 1743–1769.
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supporting edge of �Γh

A. BUFFA AND S. CHRISTIANSEN, A dual finite element complex
on the barycentric refinement, Math. Comp., 76 (2007),
pp. 1743–1769.

F. ANDRIULLI, K. COOLS, H. BAGCI, F. OLYSLAGER, A. BUFFA,
S. CHRISTIANSEN, AND E. MICHIELSSEN, A multiplicative

Calderon preconditioner for the electric field integral equation,
IEEE Trans. Antennas and Propagation, 56 (2008),
pp. 2398–2412.

F. P. ANDRIULLI, K. COOLS, I. BOGAERT, AND E. MICHIELSSEN,
On a well-conditioned electric field integral operator for multiply
connected geometries, IEEE Transactions on Antennas and
Propagation, 61 (2013), pp. 2077–2087.
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