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Preconditioning

Finite element method (FEM) Large sparse/compressed
B> linear systems of equations
Boundary element method (BEM) AxX=Db

/

Iterative solution by preconditioned Krylov-subspace methods

Preconditioner for A € R™": Linear operator C : R” — R”",

x — C(x) “cheap” & “k(CA) small”

Best-known: A s.p.d. and conjugate gradient (CG) method

_ V/K(CA) —1
BV (T EE

2 k
(k)H <=7 Hew)
He = 1 2k

x(CA) = spectral condition number
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Preconditioning

Finite element method (FEM) Large sparse/compressed
B> linear systems of equations
Boundary element method (BEM) AxX=Db

/

Iterative solution by preconditioned Krylov-subspace methods

Preconditioner for A € R™": Linear operator C : R” — R”",

x — C(x) “cheap” & “k(CA) small”

Krylov methods: #CG
# CGS, CGN
» MINRES, GMRES, ORTHODIR
# BiCG, BICGStab
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Condz'éioning of BEM Culerkin Matrces
> Useof st nodal bases (> L”—s:‘zﬁék}




C ondiéz'oning of BEM Culevkin Matnces

> Useof std. nodat bases (—=> L™ stable )
VHHT) = HET) > ond (A,) =00b)

S W HHT) = HAT) D cond(Ay) = Ol
> Aek-order (Vo dibeentint) operators




C ondiéz'oning of BEM Culevkin Matnces

> Useo{ st nodal bases [ —> Lﬂ—sfdé[()
\HHT) = HET) > ond(A,) =00b)
Y We(T) — HH4(T) D> conrd(Ay) = Ol
Lo Aet-order (Ydlo ditteentiof] opeators
- EFIE: S =//é,\,/ *‘é@”\lﬂ%{

HE )~ HET)  order
> cond (A4) = O0(h™°)
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Abstract Theorem

e V, W refl. Banach spaces, A< L(V, V'), Be L(W, W) isomorphisms.

¢ Finite dimensional trial/test spaces V,, C V, W, C W such that

O A=Ay, Vh— V), By:=Bw,: Wy — W, (h-uniformly) stable

s R. HIPTMAIR, Operator preconditioning, Computers and
. Mathematics with Applications, 52 (2006), pp. 699—706.

\b preconditioner c=bD'BD " Y,
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Abstract Theorem

e V, W refl. Banach spaces, A< L(V, V'), Be L(W, W) isomorphisms.

¢ Finite dimensional trial/test spaces V,, C V, W, C W such that

O A=Ay, Vh— V), By:=Bw,: Wy — W, (h-uniformly) stable

» R. HIPTMAIR, Operator preconditioning, Computers and
. Mathematics with Applications, 52 (2006), pp. 699—706.

+ S. CHRISTIANSEN AND J.-C. NEDELEC, Des préconditionneurs
pour la résolution numérique des équations intégrales de frontiére
de l'acoustique, C.R. Acad. Sci. Paris, Ser. | Math, 330 (2000),

— pp. 617-622. -

/ + O. STEINBACH AND W. WENDLAND, The construction of some \
g efficient preconditioners in the boundary element method, Adv.
Comput. Math, 9 (1998), pp. 191-216.

t preconditioner c=bD'BD " .
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Electric Field Integral Equation (EFIE)

> I = boundary of a domain Q  R3, wave number k > 0

> Hilbert space V = H="2(divr, ) := {v € H(%(r),v. veH (N}

ik|x—y 1
) = [ [ 2 (w0 v - 5V un V) asty.x).
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Electric Field Integral Equation (EFIE)

> I = boundary of a domain Q  R3, wave number k > 0

> Hiloert space V = H="2(divr, ) := {v € H(%(r),v. veH (N}

ik|x—
= [ [ b () v - v un) v vin) sty

m|x —y|

trace space of H(curl; Q)
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Electric Field Integral Equation (EFIE)

> I = boundary of a domain Q  R3, wave number k > 0

> Hilbert space V = H="2(divr, ) := {v € H(%(r),v. veH (N}

a(u,v) // 4elk|x d ( (y) - v(x)— %V ~u(y)Vv - v(x)) dS(y, x) .

X =y

Galerkin discretization > surface RTo/RWG elements (space V)
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Electric Field Integral Equation (EFIE)

> I = boundary of a domain Q  R3, wave number k > 0

> Hilbert space V = H="2(divr, ) := {v € H(%(r),v. veH (N}

a(u,v) // 4elk|x d ( (y) - v(x)— %V ~u(y)Vv - v(x)) dS(y, x) .

X =y

Galerkin discretization > surface RTo/RWG elements (space V)

If k # interior resonant
frequency of Q, then a)y,
satisfies h-uniform inf-
sup condition on suffi-
ciently fine and shape
regular meshes.
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“Self Duality” of H="*(divr,T)

e V, W Hilbert spaces, A L(V, V'), Be L(W, W) isomorphisms.

o Finite dimensional trial/test spaces V,, c V, W, ¢ W such that
0 Ap:=Ay,: Vh— V), By:= B, : Wy — W) (h-uniformly) stable
O dim Vh =dim Wh =N
o Stable discrete duality pairing: sesqui-linear form d € L(V x W, C)
|d(Vh, W)

Jep > 0: sup ———= > cCpl[whlly, Ywh € W
VhEV ||Vh||V
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“Self Duality” of H="*(divr,T)

e V, W Hilbert spaces, A L(V, V'), Be L(W, W) isomorphisms.

o Finite dimensional trial/test spaces V,, c V, W, ¢ W such that
0 Ap:=Ay,: Vh— V), By:= B, : Wy — W) (h-uniformly) stable
O dim Vh =dim Wh =N
o Stable discrete duality pairing: sesqui-linear form d € L(V x W, C)
|d(Vh, Wh)|

Jep > 0: sup ———= > cCpl[whlly, Ywh € W
vheVp ||Vh||V

/ )
Jru-(vxn)dS RV,
dc > 0: sup S >c|u||_1 4, YU € H (divr,T)
veH—="/2(divr,T) ||V||—1§,dIVr 2
- J
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“Self Duality” of H="?(divr,I")

(vxn)dS
dec > 0: sup ‘]}”‘/”—1

> cl|ull_y gy, Yu € H (divr,T)
veH-"2(divr,) 3, divr

» W=V =H"2div,T)
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“Self Duality” of H="?(divr,I")

(vxn)dS
de > 0: sup fr— >clull_1 4, YUE H="2(divr,T)
veH="/2(divr,I") ”V”—‘z,dlw -

» W=V =H"2div,T)
» operator B : W — W' induced by same bilinear form a(-, )
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» W=V =H"2div,T)
» operator B : W — W' induced by same bilinear form a(-, )

» Duality pairing d(u,v) := /u- (v x n)dS, u,ve H "2(div,T)
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Jru-(vxn)dS

de > 0: sup >clull_1 4, YUE H="2(divr,T)
veH="/2(div.T) ”"”—;,dlw >

» W=V =H"2div,T)

» operator B: W — W' induced by same bilinear form a(-, -)
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“Self Duality” of H="?(divr,I")

(vxn)dS
de > 0: sup fr— >clull_1 4, YUE H="2(divr,T)
veH="/2(divr,I") ”V”f‘z,dlw -

W =V = H="2(div,T)
operator B : W — W’ induced by same bilinear form a(-, -)

Duality pairing d(u,v) := /u~ (v x n)dS, u,ve H "2(div,T)
r
“Temptation”: W, =V,

vy

v

v
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“Self Duality” of H~"2(divr, )

Jru-(vxn)dS
Jc > 0: sup _—
veH—"/2(divr,IN) ”V”J— Jdivr

>cC HuH—%,divr Vu e Hd/a(divﬁ r)

v

W =V = H="2(div,T)
operator B : W — W’ induced by same bilinear form a(-, -)

Duality pairing d(u,v) := /u- (v x n)dS, u,ve H "2(div,T)
r
“Temptation”: W, =V,

v

v

v

S. CHRISTIANSEN AND J.-C. NEDELEC, A preconditioner for the
This is flawed !  electric field integral equation based on Calderén formulas, SIAM
J. Numer. Anal., 40 (2002), pp. 1100—-1135.

Jsubspace Ny € V, C,c > 0: dim N, > cdim V}, such that

d(up, v
Yup € Np: sup M

< Ch'? ||Uh||_1 .
vheVh ||Vh||J§,divr a

7/14
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Single Layer Boundary Integral Equation

» V=H:() (dual of trace space for H'(Q))
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Single Layer Boundary Integral Equation

» V=H:() (dual of trace space for H'(Q))
» Single layer boundary integral operator A: V — V' for —A

— o) = [ [ g asiey)
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Single Layer Boundary Integral Equation

» V=H:() (dual of trace space for H'(Q))
» Single layer boundary integral operator A: V — V' for —A

— o) = [ [ g asiey)

» Duality pairing between V = H*%(F) and W = H%(F):
d(u,v) := /u vdS B trivially stable
r
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Single Layer Boundary Integral Equation

» V=H:() (dual of trace space for H'(Q))
» Single layer boundary integral operator A: V — V' for —A

— o) = [ [ g asiey)

» Duality pairing between V = H*%(F) and W = H%(F):
d(u,v) := /u vdS B trivially stable
r

» Hypersingular boundary integral operator B: W — W’

o b(u,v) : //mvrxu() Vi x v(y)dS(x,y) + /udS/rvdS
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Single Layer Boundary Integral Equation

» V=H:() (dual of trace space for H'(Q))
» Single layer boundary integral operator A: V — V' for —A

— o) = [ [ e v asiy)

» Duality pairing between V = H*%(F) and W = H%(F):
d(u,v) := /u vdS B trivially stable
r

» Hypersingular boundary integral operator B: W — W’

1
& b(u, v) .:/r/rmvr X U(X) - V1 x v(y)dS(x,y)+/rudS/rvdS

» Simplest Galerkin space: Vj, = piecewise constants

Vg W > W, = Vj,not an option: What is W), ? I
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Single Layer Boundary Integral Equation

» V=H:() (dual of trace space for H'(Q))
» Single layer boundary integral operator A: V — V' for —A

— o) = [ [ e v asiy)

» Duality pairing between V = H*%(F) and W = H%(F):
d(u,v) := /u vdS B trivially stable
r

» Hypersingular boundary integral operator B: W — W’
1
< b(u,v :://7V x u(x)- Ve x v(y)dS(x, +/udS/vdS
( ) . r4ﬂ_|x_y| r ( ) r (y) ( y) r -

» Simplest Required dim V}, = dim W, W;, C Co(r)

Vg W > W, = Vj,not an option: What is W), ? I
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(Discrete) Exterior Calculus: A-Pairing

Summary: First kind boundary integral operators:
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(Discrete) Exterior Calculus: A-Pairing

Summary: First kind boundary integral operators:

1

scalar single layer: A:  H—:(I) Hz(T)

dual w.r.t. (-, -)r
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(Discrete) Exterior Calculus: A-Pairing

Summary: First kind boundary integral operators:

1

scalar single layer: A: H=z(T)
Maxwell EFIE: A: H 2 (divr,T) H="2(divr,T)

] |

dual w.rt. (nx -, )p

'_>
'_>
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(Discrete) Exterior Calculus: A-Pairing

Summary: First kind boundary integral operators:

scalar single layer: A H=2(T) - Hz(T)
Maxwell EFIE: A H'2(dive,T) +—  H"2(divr,T)
Hz(T) trace space of H'(Q) > space of O-formson I

H="2(divr,T) trace space of H(curl; Q) > space of 1-formson T
H==(T) trace space of H(div;Q2) > space of 2-formson T
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(Discrete) Exterior Calculus: A-Pairing

Summary: First kind boundary integral operators:

scalar single layer: A H=2(T) - Hz(T)
Maxwell EFIE: A H'2(dive,T) +—  H"2(divr,T)
Hz(T) trace space of H'(Q) > space of O-formson I

H="2(divr,T) trace space of H(curl; Q) > space of 1-formson T
H==(T) trace space of H(div;Q2) > space of 2-formson T

Luv@\S

O-form  2-form
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(Discrete) Exterior Calculus: A-Pairing

Summary: First kind boundary integral operators:

scalar single layer: A H=2(T) - Hz(T)
Maxwell EFIE: A H'2(dive,T) +—  H"2(divr,T)
Hz(T) trace space of H'(Q) > space of O-formson I

H="2(divr,T) trace space of H(curl; Q) > space of 1-formson T
H==(T) trace space of H(div;Q2) > space of 2-formson T

Luv@\S , /rt{-/vxnds

O-form  2-form 1-forms
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(Discrete) Exterior Calculus: A-Pairing

Summary: First kind boundary integral operators:

scalar single layer: A H=2(T) - Hz(T)
Maxwell EFIE: A H'2(dive,T) +—  H"2(divr,T)
Hz(T) = trace space of H'(Q) > space of O-formson I
H-="2(divr,I) = trace space of H(curl;Q) > space of 1-formsonT
H==(T) = trace space of H(div;Q2) > space of 2-formson '
“vector proxies”: /u vdS /u -vxndS
W\ r\/
0-form 2-form  1-forms
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(Discrete) Exterior Calculus: A-Pairing

Summary: First kind boundary integral operators:

scalar single layer: A H=2(T) - Hz(T)
Maxwell EFIE: A H'2(dive,T) +—  H"2(divr,T)
Hz(T) trace space of H'(Q) > space of O-formson I

H="2(divr,T) trace space of H(curl; Q) > space of 1-formson T
1

H—z2(I) trace space of H(div; Q) space of 2-formson I’

“vector proxies”: /w A / u vdS / u v x ndS

Oform 2form 1forms

© R. Hiptmair (SAM, ETH Ziirich) Roscoff Spring School, April 2018 9/14



(Discrete) Exterior Calculus: A-Pairing

Hz(T) = trace space of H'(Q) > space of O-formson I
H="2(divr,I) = trace space of H(curl;Q) > space of 1-formsonT
H==(T) = trace space of H(div;Q2) > space of 2-formson T

“vector proxies”: /w A / u vdS / u v x ndS

Oform 2form 1forms

Recall: discrete Hodge operators
based on dual meshes

(*xwh, M) = / wh A 1p
Q

for all discrete n — /-forms wp,
discrete /-forms 7y,
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(Discrete) Exterior Calculus: A-Pairing

Hz(T) = trace space of H'(Q) > space of O-formson I
H="2(divr,I) = trace space of H(curl;Q) > space of 1-formsonT
H==(T) = trace space of H(div;Q2) > space of 2-formson T

“vector proxies”: /w A / u vdS / u v x ndS

Oform 2form 1forms

' I I_D

Recall: discrete Hodge operators
based on dual meshes

(*wh, np) = / wh A N
Q

for all discrete n — /-forms wp,
discrete /-forms 7y,
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Dual Meshes
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Dual Meshes

mesh ', < dual mesh FN,,
nodes <« cells
edges « edges
cells <« nodes
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Dual Meshes

mesh ', < dual mesh FN,,
nodes <« cells
edges « edges
cells <« nodes

Idea:
Vi ¢ Ifacetsof I, < W, «» 2 — I-facets of [
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Dual Meshes

mesh ', < dual mesh FN,,
nodes <« cells
edges « edges
cells <« nodes

Idea:

Vi ¢ Ifacetsof I, < W, «» 2 — I-facets of [
(I = 2 = scalar single layer, | = 1 = EFIE)
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Dual Meshes

. \gé/\

+ O. STEINBACH AND W. WENDLAND, The construction of some
efficient preconditioners in the boundary element method, Adv.
Comput. Math., 9 (1998), pp. 191-216.

+ O. STEINBACH, On a generalized L, projection and some related
stability estimates in Sobolev spaces, Numer. Math., 90 (2002),
pp. 775—786.

+ O. STEINBACH, Stability estimates for hybrid coupled domain
decomposition methods, vol. 1809 of Lecture Notes in
Mathematics, Springer-Verlag, Berlin, 2003.

Vh 5 I-Tacets OT T p < W, 2—Ifacetsof I,
(I = 2 = scalar single layer, | = 1 = EFIE)
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Duality via Dual Meshes: Scalar Case
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Duality via Dual Meshes: Scalar Case

For V = H-z(I):
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Duality via Dual Meshes: Scalar Case

For V = H-z(I): y
h

!

p.w. constant on cells of I'y,
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Duality via Dual Meshes: Scalar Case

_1 .
For V=Hz(I): v, PR W,

! !

p.w. constantoncellsof [, «+— “p.w. linear” & C° on FN,,
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Duality via Dual Meshes: Scalar Case

For V = H-z(I):

Vi — Wi,

! !

p.w. constantoncellsof [, «+— “p.w. linear” & C° on FN,,




Duality via Dual Meshes: Scalar Case

F = Hz(r):
orV=Hz() v, PR W,

! !

p.w. constantoncellsof [, «+— “p.w. linear” & C° on FN,,

( h-uniform stability of discrete duality paiting (u, v) — [uvdSon V, x Wy, ]
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Duality via Dual Meshes: Vectorial Case
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Duality via Dual Meshes: Vectorial Case

For V = W = H="2(divr,T): (+ electric field integral equation)
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Duality via Dual Meshes: Vectorial Case

For V = W = H="2(divr,T): (+ electric field integral equation)

Vi
)

RTy elements on 'y,
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Duality via Dual Meshes: Vectorial Case

For V = W = H="2(divr,T): (+ electric field integral equation)

Vh — Wh

! !

RTy elementson Ty, <+— RTyelements on FN,, (?”
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Duality via Dual Meshes: Vectorial Case

For V = W = H="2(divr,T): (+ electric field integral equation)

Vh — Wh

! !

RTy elementson Ty, <+— RTyelements on FN,, (?”

Idea: W, c RTyelements on ﬂ, ﬂ, = barycentric refinement of 'y,
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Duality via Dual Meshes: Vectorial Case

For V = W = H="2(divr,T): (+ electric field integral equation)

Vh — Wh

! !

RTy elementson Ty, <+— RTyelements on FN,, (?”

Idea: W, c RTyelements on ﬂ, ﬂ, = barycentric refinement of 'y,
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Duality via Dual Meshes: Vectorial Case

For V = W = H="2(divr,T): (+ electric field integral equation)

Vh — Wh

! !

RTy elementson Ty, <+— RTyelements on FN,, (?”

Idea: W, c RTyelements on ﬂ, ﬂ, = barycentric refinement of 'y,
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Duality via Dual Meshes: Vectorial Case

For V = W = H="2(divr,T): (+ electric field integral equation)

Vh — Wh

! !

RTy elementson Ty, <+— RTyelements on FN,, (?”

Idea: W, c RTyelements on ﬂ, ﬂ, = barycentric refinement of 'y,

supporting edge of I,
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Duality via Dual Meshes: Vectorial Case

For V = W = H="2(divr,T): (+ electric field integral equation)

Vh — Wh
! I

RTy elementson Ty, <+— RTyelements on FN,, (?”

Idea: W, c RTyelements on ﬂ, ﬂ, = barycentric refinement of 'y,
< Basis function of W

o: edges of barycentric re-
finement with nonzero con-
tribution to basis function at

supporting edge of I,
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Duality via Dual Meshes: Vectorial Case

Fo
% A.BUFFA AND S. CHRISTIANSEN, A dual finite element complex

on the barycentric refinement, Math. Comp., 76 (2007),
pp. 1743—-1769.

Id¢
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Duality via Dual Meshes: Vectorial Case

Fq .
)y A. BUFFA AND S. CHRISTIANSEN, A dual finite element complex

on the barycentric refinement, Math. Comp., 76 (2007),
pp. 1743—1769.

+ F. ANDRIULLI, K. CooLS, H. BAGCI, F. OLYSLAGER, A. BUFFA,
Id¢ S. CHRISTIANSEN, AND E. MICHIELSSEN, A multiplicative
Calderon preconditioner for the electric field integral equation,
IEEE Trans. Antennas and Propagation, 56 (2008),

pp. 2398—-2412.

+ F. P. ANDRIULLI, K. COOLS, |. BOGAERT, AND E. MICHIELSSEN, [€-
On a well-conditioned electric field integral operator for multiply n-
connected geometries, IEEE Transactions on Antennas and at
Propagation, 61 (2013), pp. 2077—2087.
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Doal Mesh OPC /llgebmr'c Vieaw

e A=V, (single lager BIO) | V= HALT)
B = W, (hypersingolor B16) , V= H*(T)




Doal Mesh OPC . Algebmr'c View
+ A=V, (single lager BIO) , V= HAT)

B=W_( hypersfnfu(ar Blo) ,' W= H#c )
= V= WAT), W= W),




Doal Mesh OPC - //debm/c Vieaw

+ A =V (5(\!77/( [ﬂéﬁelf BlO) , V= H%m)

B =W, (hypersz'nfu[ar BIO) /’ W= H* )
> V= W), W= WTL)
W.c WATL) = T matnk C

>? = CX .
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Doal Mesh OPC /llgebm/c Viezw
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