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Outline Contraction Propert oximation Class Rate Optimali

Adaptive Finite Element Method (AFEM)

AFEM: SOLVE — ESTIMATE — MARK — REFINE
k> 0 loop counter = (T&,V(Tx), Us)

U, = SOLVE(T}) computes the exact Galerkin solution Uy, € V(7y)

> dealing with L2 data
> exact linear algebra

o &, = ESTIMATE(Tx, Uk, f) computes local error indicators e(z)

> localization of global H~1 norms to stars w, for z € N}, = N (Tx)
> computation of residuals in weighted L? norms

My, = MARK(Eg, Ti) selects My, C Ti using Dorfler marking

> Ex(My) > 0E;(Ty) for 0 < 6 < 1 (bulk chasing)
> marked set M}, must be minimal for optimal rates

Ti+1 = REFINE(Tx, My) refines the marked elements M}, and outputs a
conforming mesh Ty refinement of Tj

> uses b > 1 newest vertex bisection (Mitchell) for d = 2 to refine each T' € My,
so that 7" is bisected at least b times.
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Outline Modules Contraction Property Approximation Class Rate Optimality Extensions
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Example (Kellogg’ 75): Checkerboard discontinuous coefficients

urr®t = ue H Q) = [u— Uklyio) =~ #T, "% (Te quasi-uniform)
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Discontinuous coefficients: Final graded grid (full grid with < 2000 nodes)
(top left), and 3 zooms (x10%,10°,10%); decay rate N~ /2. Uniform grid
would require N &~ 10%° elements for a similar resolution.
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AFEM: Main Results

e Convergence of AFEM: U, — u as k — oo without assuming that meshsize
goes to zero, and with minimal assumptions regarding underlying problem
and MARK.

Contraction property of AFEM: there exist 0 < o < 1 and 7y > 0 so that

o = Uiallf + €241 < o (Il — Unlia +7E7).

e Quasi-optimal convergence rates (for total error): if

inf inf (|||u — Ve + oser(V; T)) SN
#T —#To<N VeV(T)

= |lu—Uklla + oscr, (Uk, Te) < (#Te — #70) " °.

Sufficient conditions on (u, f, A) for total error decay N~°.

Adaptive Finite Element Methods Lecture 3: Contraction Property and Optimal Convergence Rates Ricardo H. Nochetto



AFEM
[e]e]e]e] }

Convergence of AFEM (Morin, Siebert, Veeser’'08, Siebert’09)

Minimal assumption on MARK: for all T' € T such that

gk(U’WT) = '11"1’127)5 g(Uk,T/) = gk:,max = Te Mk:
k
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Convergence of AFEM (Morin, Siebert, Veeser’'08, Siebert’09)

Minimal assumption on MARK: for all T' € T such that

&k (U, T) = max 5(Uk,T/) =&Emax = T € My

T'€Ty,

Lemma 1 (mesh-size function). If x; denotes the characteristic function of
the union Ure;\7;,, 7 of elements to be bisected and hy is the mesh-size
function of 7%, then

Jim x| oo ) = 0

This does not imply hy — 0 as k — oo (no density argument).

Lemma 2 (convergence of largest estimator). &; max — 0 as k — oo.
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Convergence of AFEM (Morin, Siebert, Veeser’'08, Siebert’09)

Minimal assumption on MARK: for all T' € T such that

&k (U, T) = max 5(Uk,T/) =&Emax = T € My

T'€Ty,

Lemma 1 (mesh-size function). If x; denotes the characteristic function of
the union Ure;\7;,, 7 of elements to be bisected and hy is the mesh-size
function of 7%, then

Jim x| oo ) = 0

This does not imply hy — 0 as k — oo (no density argument).

Lemma 2 (convergence of largest estimator). &; max — 0 as k — oo.

Theorem 2 (convergence). U, — u and &,(U) — 0 as k — oo.

This theory applies to problems satisfying a discrete inf-sup. It applies also to
uniform refinement, so it provides no decay rate.
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Modules

Module ESTIMATE: Basic Properties

Reliability: Upper Bounds (Babuska-Miller, Stevenson)

e Upper bound: there exists a constant C; > 0, depending solely on the
initial mesh 7o and the smallest eigenvalue amin of A, such that

lu—Ul& < C1&7 (U, T)?

e Localized upper bound: if U. € V(7.) is the Galerkin solution for a
conforming refinement 7. of 7, and R = R7_7. (refined set), then

U - U3 < C1é7(U, R)?

Efficiency: Lower Bound (Babuska-Miller, Verfiirth)
There exists a constant C> > 0, depending only on the shape regularity
constant of 7o and the largest eigenvalue amax, such that

C27(U, T)? < llu— Ul + oser (U, T)*.
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Modules
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e Reduction of Estimator: For A =1 —27%? 7. = REFINE(T, M), and all
Ve V(T) we have

EL(V,T2) S EF(V, T) = AEF(V, M).
e Lipschitz Property: The mapping V s E7(V,T) satisfies
Er(V,T) = Er(W, T)| < CollV = Wlla  VV,W € V(T)

with a constant Cy depending on Tp, A, d and n.

Adaptive Finite Element Methods Lecture 3: Contraction Property and Optimal Convergence Rates Ricardo H. Nochetto



Modules
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e Reduction of Estimator: For A =1 —27%? 7. = REFINE(T, M), and all
Ve V(T) we have

EL(V,T2) S EF(V, T) = AEF(V, M).
e Lipschitz Property: The mapping V s E7(V,T) satisfies
Er(V,T) = Er(W, T)| < CollV = Wlla  VV,W € V(T)

with a constant Cy depending on Tp, A, d and n.

This implies that for all § > 0

€7, (Ve, T2) < (L4 ) (EF(V, T) = AEF(V. M) + (1 + 6 )T Vi = VG-
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Modules
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e Reduction of Estimator: For A =1 —27%? 7. = REFINE(T, M), and all
Ve V(T) we have

EL(V,T2) S EF(V, T) = AEF(V, M).
e Lipschitz Property: The mapping V s E7(V,T) satisfies
Er(V,T) = Er(W, T)| < CollV = Wlla  VV,W € V(T)

with a constant Cy depending on Tp, A, d and n.

This implies that for all § > 0

E7. (Vs ) S (L4 6 (EF (V. T) = AEF(V, M) + (1 + 67|V = VIJ&-
e Dominance: oscr (U, T) < E7(U, T)

o Pythagoras: Jlu— U]l = llu = Ullg - IU - U.JI?,
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Modules
ooe

Module MARK: Dérfler Marking

e Given a mesh T, indicators {E7(Ur,T)}rer, and a parameter 6 € (0, 1], we
select a subset M of T of marked elements such that

Er(U,M) > 0Er(U,T)

e The marked set M is minimal (this is crucial for optimal cardinality).
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Modules

Module MARK: Dérfler Marking

e Given a mesh T, indicators {E7(Ur,T)}rer, and a parameter 6 € (0, 1], we
select a subset M of T of marked elements such that

Er(U,M) > 0Er(U,T)

e The marked set M is minimal (this is crucial for optimal cardinality).

Module REFINE: Bisection

Binev, Dahmen, DeVore (d = 2), Stevenson (d > 2): If 7o has a suitable
labeling, then there exists a constant Ag > 0 only depending on 7o and d such

that forall k > 1 b1

#Te — #T0 < ho Y _ #M,.

=0

Adaptive Finite Element Methods Lecture 3: Contraction Property and Optimal Convergence Rates Ricardo H. Nochetto



Modules
ooe

Module MARK: Dérfler Marking

e Given a mesh T, indicators {E7(Ur,T)}rer, and a parameter 6 € (0, 1], we
select a subset M of T of marked elements such that

Er(U,M) > 0Er(U,T)

e The marked set M is minimal (this is crucial for optimal cardinality).

Module REFINE: Bisection

Binev, Dahmen, DeVore (d = 2), Stevenson (d > 2): If 7o has a suitable

labeling, then there exists a constant Ag > 0 only depending on 7o and d such

that for all K > 1 b1

#Te — #T0 < ho Y _ #M,.
j=0

Module SOLVE: Multilevel Solvers

Chen, N, Xu'10: Optimal multigrid and BPX preconditioners for graded
bisection grids, any polynomial degree n > 1, and any dimension d > 2.
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Contraction Property
[ Jelele]e}

Contraction Property of AFEM

Vanishing Oscillation (Morin, N, Siebert’00)
We assume oscy;, (U) = 0. If T4 satisfies an interior node property wrt T,
then we have the discrete lower bound

Co€i (U, Mi)* < Uk — Ukl
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Contraction Property
[ Jelele]e}

Contraction Property of AFEM

Vanishing Oscillation (Morin, N, Siebert’00)
We assume oscy;, (U) = 0. If T4 satisfies an interior node property wrt T,
then we have the discrete lower bound

Co€i (U, Mi)* < Uk — Ukl
Therorem 2 (Contraction) For o := (1 — 92%)1/2 < 1 there holds

lu = Uktalle < aflu = Ulle,

Adaptive Finite Element Methods Lecture 3: Contraction Property and Optimal Convergence Rates Ricardo H. Nochetto



Contraction Property

[ Jelele]e}

Contraction Property of AFEM

Vanishing Oscillation (Morin, N, Siebert’00)
We assume oscy;, (U) = 0. If T4 satisfies an interior node property wrt T,
then we have the discrete lower bound

Co€i (U, Mi)* < Uk — Ukl
Therorem 2 (Contraction) For o := (1 — 92%)1/2 < 1 there holds

lu = Uktalle < aflu = Ulle,

Proof: Recall Pythagoras

llu = Uksalles = llu = Uklls = 1041 = Ukl-

Adaptive Finite Element Methods Lecture 3: Contraction Property and Optimal Convergence Rates Ricardo H. Nochetto



Contraction Property
[ Jelele]e}

Contraction Property of AFEM

Vanishing Oscillation (Morin, N, Siebert’00)
We assume oscy;, (U) = 0. If T4 satisfies an interior node property wrt T,
then we have the discrete lower bound

Co€i (U, Mi)* < Uk — Ukl

1/2

Therorem 2 (Contraction) For o := (1 — 92%) < 1 there holds

lu = Uktalle < aflu = Ulle,

Proof: Recall Pythagoras

o~ U1l = = Uklfes = U1 — Ul

Combine the discrete lower bound with Dorfler marking and upper bound

C!
1Uk 1 — Ukl > Colr(Ur, My)? > Co0°Ex(Ux)? > 5292"\“ — Ukl
1
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Contraction Property
[ Jelele]e}

Contraction Property of AFEM

Vanishing Oscillation (Morin, N, Siebert’00)
We assume oscy;, (U) = 0. If T4 satisfies an interior node property wrt T,
then we have the discrete lower bound

Co€i (U, Mi)* < Uk — Ukl
Therorem 2 (Contraction) For o := (1 — 92%)1/2 < 1 there holds

lu = Uktalle < aflu = Ulle,

Proof: Recall Pythagoras

llu = Uksalles = llu = Uklls = 1041 = Ukl-

Combine the discrete lower bound with Dorfler marking and upper bound
C
WUkt = Ukl > Cobi(Un, M)* 2> C26*Ex(Ur)* > 6% Ju — Ul

C
= lu—Uenld < (1= &0°) b= Ul
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General Data: Contracting Quantities

> Energy error: ||Ui — ullo is monotone, but not strictly monotone (e.g.
Ukt1 = Uy).

Q=(0,1),A=1,f=1 = UO:U1:%¢07 Us # Uy
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[e] lele]e}

General Data: Contracting Quantities

> Energy error: ||Ui — ullo is monotone, but not strictly monotone (e.g.
Ukt1 = Uy).

Q=(0,1),A=1,f=1 = UO:UF%% Us # Uy

» Residual estimator: & (U, Tx) is not reduced by AFEM, and is
not even monotone. But, if Uy, = Uy, then E,(Uy, Ti) decreases strictly

Eri1(Untr, Trgr) = Err(Un, Tow1) < Ek (U, Tr) — A&k (Us, M)
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[e] lele]e}

General Data: Contracting Quantities

> Energy error: ||Ui — ullo is monotone, but not strictly monotone (e.g.
Ukt1 = Uy).

Q=(0,1),A=1,f=1 = UO:UF%% Us # Uy

» Residual estimator: & (U, Tx) is not reduced by AFEM, and is
not even monotone. But, if Uy, = Uy, then E,(Uy, Ti) decreases strictly

Eri1(Untr, Trgr) = Err(Un, Tow1) < Ek (U, Tr) — A&k (Us, M)

» Heuristics: the quantity [|Uy — u||g + vEx (Uk, Tr.)* might contract!
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Contraction Property (Cascon, Kreuzer, Nochetto, Siebert’ 08)

Theorem 3. There exist constants v > 0 and 0 < a < 1, depending on the
shape regularity constant of 7o, the eigenvalues of A, and 6, such that

lu = Usialld+ 7 €41 < o (Jhu— Uella + 8-
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[e]e] le]e}

Contraction Property (Cascon, Kreuzer, Nochetto, Siebert’ 08)

Theorem 3. There exist constants v > 0 and 0 < a < 1, depending on the
shape regularity constant of 7o, the eigenvalues of A, and 6, such that

lu = Usialld+ 7 €41 < o (Jhu— Uella + 8-

Main ingredients of the proof:
> Pythagoras: [[Usr1 — ull®, = Uk — ull&, = Uk — Uk [l
> a posteriori upper bound (not lower (or discrete lower) bound);

» reduction of the estimator;

v

Dérfler marking (for estimator).
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Contraction Property
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Proof of Theorem 3

Error orthogonality lu — U113 = llu — Uil — [Ux — Ury |13 yields

= Ukra & +9Ers1 (Urir, Terr) < llu = Uellé = 10Uk — Ursa [l
+7Er 11 (Ust1, Tig1)
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Contraction Property
[e]e]e] o}

Proof of Theorem 3

Error orthogonality ||u — Ug1|a = |lu — Ukl — |Ux — Us+1]|3 yields

= Ukra & +9Ers1 (Urir, Terr) < llu = Uellé = 10Uk — Ursa [l
+ 7813+1(Uk+1, Ti+1)

Estimator reduction property implies

lu — Urs1lld #7841 (Unt1, Tis1) < llu— Unll — |0k — Urs1 |3
+y(1+ 8) (ER(Uk, Tr) — A&kt (U, My)) +v(1 46~ 1)CH | Uk — Ut ||
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Contraction Property
[e]e]e] o}

Proof of Theorem 3

Error orthogonality ||u — Ug1|a = |lu — Ukl — |Ux — Us+1]|3 yields
e = Uss ey +7ER 41 Urrs Terr) < llu = Ullé = 10Uk = Ura I
+7Er 11 (Ust1, Tig1)
Estimator reduction property implies
lw — U sallé +7ER 1 (Ustr, Ter) < llu = Uslla = 10 = Uk ||
+ (L4 8) (R (U, Ti) = AL (Ui, M) +7(1+ 6~ )CTNUL — Unia|f-

Choose 7 := ez to cancel ||Ui — Upyi|o:

1
(a+5-1)

e — UrialIa +7ER 41 (Unsr, Trgr) < llu— Ukl
+ (1 + 6)ER (U, T) — (1 + 6)AEL Uk, My).

Adaptive Finite Element Methods Lecture 3: Contraction Property and Optimal Convergence Rates Ricardo H. Nochetto



Contraction Property
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Proof of Theorem 3 (Continued)

Déorfler marking i (Uk, M) > 0E,(Us, Ti) yields
1
e = Usallés +9E 1 (Uis, Tewn) < Ju = Ueléy = 571+ OAOEL (U, Ti)

(4 B)ER (UL, Ti) — 37(1 + APEL (UL, ).
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Contraction Property
[e]e]ele] }

Proof of Theorem 3 (Continued)

Dérfler marking Ex (U, Mi) > 0Ek(Us, Ti) yields
1
I = Ukialléy +7Er11 (Uktr, Tegr) < llu — Ukllg — 5’)’(1 + OAO?EL (U, Th)
1
+ (14 8)E (Us, Tr) — F7(1+ SN2 ER (U, Tr).

Applying the Upper Bound [|u — Uy || < C1EF(Uy, Tr.) gives

1 62
lu = Unalf +9€241 (Ui, Tiwn) < (1= 51 +8) 5 ) lu = Ul
02
+(1+ 5)(1 - T)’ng(Uk,ﬁ)
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Contraction Property
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Proof of Theorem 3 (Continued)

Dérfler marking Ex (U, Mi) > 0Ek(Us, Ti) yields
1
llw = Uk & +9€8 0 (Ukr, Tin) < lu = Uklley = 57(1+ OAG*EL (U, Ti)
1
+(1+ O)E(Un, Te) = 5v(1 + O EX (U, T)-

Applying the Upper Bound |Ju — Uy||3 < C1E (U, Tr.) gives

1 Vs
I = Uksallg +7ER 1 (Ukt1, Tor) < (1 — 571 +8) 5~ )
02
+( +5)(1 - T)ygk(Uk,Tk)

llu = Ul

Choosing § > 0 sufficiently small so that

o 1 G2 G2
a .fmax{1—2 (1 +0) G (1+5)(1— 2)}<1,
we finally obtain the desired estimate

= Uksalfs + 7€ 41 (Ui, Tin) < 0 (Jlu = Uiy +1E2 (0, Ta) ).
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Approximation Class
@000

The Total Error

o AFEM controls the new error quantity ||u — Ux||& + vE7 (Uk, Tx)-

e Since estimator dominates oscillation
08¢k (U, Tr) < Ek(Uk, Tr)
and there is a global lower bound,
Coi (U, Tr) < lu — Uklla + osci (U, Te)

llu — U lla + ¥EE(Ux, Tr.) is equivalent to total error and error estimator:
llu — Ukll, + €8 (Uk, Te) % llu — Ukll$, + osci (Ux, Ta) = € (Ur, Ti)

1/2
e Total error: Er(u, A, f;U) = (|Hu — Ul|3 + osc*(U, T))
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Approximation Class
0e00

The Total Error: Quasi-Best Approximation

e Operator with pw constant A (eg Laplace) and polynomial degree n = 1:

EZ(u, A, f;U) = [lu— U3 + [R(f — Pof)ll%

e Pre-asymptotics: € =275 u(z) = 1x(e — |z|) in (—¢, €) extended
periodically (¢ = scale of oscillation of u < h = 27%). Then

IU = ullo ~ 275 < 27 = ||hfllo = oscr (U, T) = Er(U, T)

and oscillation dominates the total error in the pre-asymptotic regime.
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Approximation Class

0e00

The Total Error: Quasi-Best Approximation

e Operator with pw constant A (eg Laplace) and polynomial degree n = 1:

EZ(u, A, f;U) = [lu— U3 + [R(f — Pof)ll%

e Pre-asymptotics: € =275 u(z) = 1x(e — |z|) in (—¢, €) extended
periodically (¢ = scale of oscillation of u < h = 27%). Then

IU = ullo ~ 275 < 27 = ||hfllo = oscr (U, T) = Er(U, T)

and oscillation dominates the total error in the pre-asymptotic regime.

e Quasi-Best Approximation: There exists a constant D > 0 only
depending on oscillation of A on 7o and on 7o such that

. < ; . .
ET(U, Aa .f? U) <D Velg{'T) ET(’LL, Aa .fa V)
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Approximation Class
[e]e] le]

Approximation Class (for Total Error)

The set of all conforming triangulations with at most NV elements more than in
To is denoted
Ty :={T €T | #T —#To < N}.

The quality of the best approximation to the total error in Ty is

on(u; A, f) = TlggN vé%yl(fn Et1(u, A, f;V)

Adaptive Finite Element Methods Lecture 3: Contraction Property and Optimal Convergence Rates Ricardo H. Nochetto



Outline \ traction Propert Approximation Class

[e]e] le]

Approximation Class (for Total Error)

The set of all conforming triangulations with at most NV elements more than in
To is denoted
Ty :={T €T | #T —#To < N}.

The quality of the best approximation to the total error in Ty is
;A f):= inf inf FE A f;
on(u A, f) = _inf inf Er(u,A f;V)
For 0 < s < n/d the approximation class is finally given as

o= {0 A | A, fl 2= sup Non(usd ) < o0}
N>0

Approximation of data is explicitly included in the definition of the class A:
r(V) = Py_1ir(V) where r(V)=div(AVV) + f,

with n > 1. Nonlinear coupling between A and VU via oscillation!
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Approximation Class
[eJe]e] )

Sufficient Conditions for Membership in A;

e Let the dimension d > 2 and polynomial degree n > 1.

° Let0<p,q§oo,0<s§%suchthats>%—%,s>%.

If the triple (u, A, f) satisfies

u€ ByQ), Ae B4, feBL(Q),
then (u, A, f) € A;. Moreover, oscr(f) exhibits a faster decay s + 5.

e Note that

sob(BL*) = 14 sd — g S 1- %l —sob(HY) = BU(Q) c H\(Q)

and
sd d 0 0o sd =S}
sob(Bg') = sd — 2 >0-— o sob(L™) = Bp4(2) C L=(Q)
and
sd\ __ d d _ 2 sd 2
sob(Byp,) = sd — » >0- 5= sob(L”) = B;,(Q) C L7°(Q).
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AFEM: Rate Optimality
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Rate Optimality
@000

Quasi-Optimal Cardinality: Vanishing Oscillation (Stevenson’ 07)
Stevenson’s insight: any marking strategy that reduces the energy error relative

to the current value must contain a substantial portion of £+ (U, T), and so it
can be related to Dérfler Marking.
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@000

Quasi-Optimal Cardinality: Vanishing Oscillation (Stevenson’ 07)

Stevenson’s insight: any marking strategy that reduces the energy error relative
to the current value must contain a substantial portion of £+ (U, T), and so it
can be related to Dérfler Marking.

Lemma 3 (Dérfler Marking). Let 0 < 0, = ,/g—f, and p=1-— z—z. Let 7. be

a conforming refinement of 7, and U, € V(7T,) satisfy
lu = U < pllu = U
Then the refinement set R = Ry, 7, satisfies Dorfler marking with 6

Er(U,R) > 0E- (U, T).
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@000

Quasi-Optimal Cardinality: Vanishing Oscillation (Stevenson’ 07)

Stevenson’s insight: any marking strategy that reduces the energy error relative
to the current value must contain a substantial portion of £+ (U, T), and so it
can be related to Dérfler Marking.

Lemma 3 (Dérfler Marking). Let 0 < 0, = ,/g—f, and p=1-— z—z. Let 7. be

a conforming refinement of 7, and U, € V(7T,) satisfy
lu = U < pllu = U
Then the refinement set R = Ry, 7, satisfies Dorfler marking with 6
Er(U,R) > 0E- (U, T).
Proof: Use lower bound followed by Pythagoras equality
(1= w)C2E7(U,T) < (1= w)llu = Ul
< lu=Ulg = llu = Usllts = IU = Us -
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Quasi-Optimal Cardinality: Vanishing Oscillation (Stevenson’ 07)

Stevenson’s insight: any marking strategy that reduces the energy error relative
to the current value must contain a substantial portion of £+ (U, T), and so it
can be related to Dérfler Marking.

Lemma 3 (Dérfler Marking). Let 0 < 0, = ,/g—f, and p=1-— z—z. Let 7. be

a conforming refinement of 7, and U, € V(7T,) satisfy
lu = U < pllu = U
Then the refinement set R = Ry, 7, satisfies Dorfler marking with 6
Er(U,R) > 0E- (U, T).
Proof: Use lower bound followed by Pythagoras equality
(1= w)C2E7(U,T) < (1= w)llu = Ul
< lu = Ul = llu = Usllty = IU = U. 6.
Finally, resort to the discrete lower bound

(1= WCET(U,T) < U — Udfly < CLEF(UR).
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Quasi-Optimal Cardinality: Vanishing Oscillation (Continued)

As: ||, :=sup (N° inf inf [lv—V]a) <oo = [v—Un|a < |ul.N "
N>0 TETN VEV(T)

Lemma 4 (Cardinality of M) If Dérfler marking chooses minimal set, and
u € A, then the k-th marked set M), generated by AFEM satisfy

1 _1
#Mie < uls Jlu = Ukllg "
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0e00

Quasi-Optimal Cardinality: Vanishing Oscillation (Continued)

As: ||, :=sup (N° inf inf [lv—V]a) <oo = [v—Un|a < |ul.N "
N>0 TETN VEV(T)

Lemma 4 (Cardinality of M) If Dérfler marking chooses minimal set, and
u € A, then the k-th marked set M), generated by AFEM satisfy

1 _1
#Mie < uls Jlu = Ukllg "

Proof: Let €2 = pfju — Ug||3. Since u € A, there exist 7: € T and
U. € V(72) such that

1 1
lu—Uelld <&, #Tc—#To < lulse™ 5.
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0e00

Quasi-Optimal Cardinality: Vanishing Oscillation (Continued)

As: ||, :=sup (N° inf inf [lv—V]a) <oo = [v—Un|a < |ul.N "
N>0 TETN VEV(T)

Lemma 4 (Cardinality of M) If Dérfler marking chooses minimal set, and
u € A, then the k-th marked set M), generated by AFEM satisfy

1 _1
#Me S uls lu = Ukllg "
Proof: Let €2 = pfju — Ug||3. Since u € A, there exist 7: € T and
U. € V(72) such that
2 2 -1
lu—Uello <e”,  #Tc —#To < |ulse .
We introduce the overlay 7. = 7- @ T, and exploit that 7. > 7. to get
o — ULlI3 < Ju— ULN3 < & = pllu — UJ3.
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0e00

Quasi-Optimal Cardinality: Vanishing Oscillation (Continued)

As: ||, :=sup (N° inf inf [lv—V]a) <oo = [v—Un|a < |ul.N "
N>0 TETN VEV(T)

Lemma 4 (Cardinality of M) If Dérfler marking chooses minimal set, and
u € A, then the k-th marked set M), generated by AFEM satisfy

1 _1
#Mie < uls Jlu = Ukllg "

Proof: Let €2 = pfju — Ug||3. Since u € A, there exist 7: € T and
U. € V(72) such that

2 2 1 1
lu—Uella <&, #Tc —#To < |ulse™ .

We introduce the overlay 7. = 7- @ T, and exploit that 7. > 7. to get
lw — UE < lu—Uellay < €% = pllu— Ul

This implies R = Ry_ 7, satisfies Dorfler marking with 6 < 6,. Since M, is
minimal, we conclude

HMi < #R < #T — #Te < #Tc — #To < ulf e

1
s
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Quasi-Optimal Cardinality: General Data (Cascén, Kreuzer, Nochetto,
Siebert’ 08)

Lemma 5 (Dorfler Marking) Let 6 < 6., = ,/%, with Cs explicitly
depending on A and 7o, and = 1(1 — g—z). Let 7. <7 and U, € V(T5)
satisfy

b = Ualla + 0563 (U, T2) < u(Jhu — UNa + 0563 (U, 7))
Then the refinement set R = Ry, 7, satisfies Dorfler marking with 6

Er(U,R) >0+ (U, T).

Lemma 6 (Cardinality of M}). If Dorfler marking chooses a minimal set My,
and (u, A, f) € As, then the k-th mesh 7; and marked set M}, generated by
AFEM satisfy

1

2s

H 2 2 -
#Mi < 1, A, )1 (U = ulfh + oseh (UL, T2) )
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Theorem 4 (Quasi-Optimal Cardinality of AFEM)

If (u, A, f) € As for s > 0, then AFEM produces a sequence {7, Ui }32q of
conforming bisection meshes and discrete solutions such that

1/2 1/s
(N0 =l + o5 (U, Ta) ) < fus A, £l (#T0 = #T0) "

e Counting DOF (Binev, Dahmen, DeVore '04, Stevenson '06):

k—1 k—1 1
#T—#To < Y #Mi <> (U — ulld + 053 (U;, 7))
j=0 j=0

e Contraction Property of AFEM:
WU — ulle + €2 (U, o) < 0249 (WU, = ulls + E2(U, T5))

whence L

k
#Te = #T5 < (W0 —ully +7 &WsT) ) > Do
—— o
zosc%(Uk,Tk) N——
<(1—a%)_1
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Extensions of Theory

e Non-Residual Estimators ( Cascén, Nochetto; Kreuzer, Siebert’ 10).
e Non-conforming meshes (Bonito, Nochetto’ 10).

e Adaptive dG (interior penalty) (Bonito, Nochetto' 10).

e Raviart-Thomas mixed methods (Chen, Holst, Xu' 09).

e Edge elements for Maxwell (Zhong, Chen, Shu, Wittum, Xu' 10).

e Laplace-Beltrami on parametric surfaces (Bonito, Cascén, Mekchay,
Morin, Nochetto’ 13, 16).

e Local H'-norm (Demlow’ 10) and L?-norm (Demlow, Stevenson’ 10).

e H '-data (Stevenson’ 07; Cohen, DeVore, Nochetto' 12; Kreuzer, Veeser’
18).

e Discontinuous coefficients (Bonito, DeVore, Nochetto’ 13).

e Hierarchical splines (Buffa, Giannelli' 16; Buffa, Garau’ 16; Morin,
Nochetto, Pauletti’ 18).
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Limitations of Theory

e Pythagoras or variants: does not apply to saddle point problems.

e Quasi-orthogonality property: applies to some saddle point problems
(Taylor-Hood elements for Stokes (Feischl’ 18)).

e Other norms such as 1>, LP, WL.
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