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Preliminaries and objective
o

BIC: Classical Schwarz’s model comparison

< Prior density
< (Quasi) log-likelihood

/” ~
Model | Model M

{Wl,n(el)a Hl,n(gl;xn)} e {ﬂM,n(el)’ HM,n(eM;Xn)}

‘A . ¢ (Quasi) MLE [
emﬂ‘ € aergér(laax Hmv" (Bm, X") < (Quasi) marginal log-likelihood |

og (/ exp(Hm,n(gl))ﬁm,n(gm)dgm) b 1 S m S M
i @,
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naries and objective

BIC: Classical Schwarz’s model comparison

< Prior density
< (Quasi) log-likelihood

/” ~
Model | Model M

{Wl,n(el)a Hl,n(gﬁxn)} e {ﬂM,n(el)’ HM,n(BM;Xn)}

i A . < (Quasi) MLE
: Bm,n € aergér(laax Hmv" (em’ X") ¢ (Quasi) marginal Iog-llkellhood
log (/ exp(Hm,n(ol))wm,n(em)dom) , 1<m< Mj

G. Schwarz (1978): Minimizing “—2 X (Marginal log-LF)” approximately

—2log (/ eHm’"(g)ﬂ'm,n(e)d9> ~ _2Hm,n(ém,n) + pm logn + 0(1)

—.BIc{™

e Many variants and extensions of BIC, e.g. Cavanaugh and Neath (1999)

Hiroki Masuda Schwarz type model comparison Dynstoch 2016 Rennes, June 9, 2016 3/20



Preliminaries and objective
000

o Quasi-MLE 6,, for intractable LF and/or under misspecification

e When E(én) is approximately mixed-normally distributed?
e.g. Volatility estimation of It6 semimartingales

e When the components of 8,, converge at different rates?

e.g. Ergodic diffusions and Lévy processes, observed at high frequency
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Preliminaries and objective
o

Objective: a quasi-Bayes model (7,,(0), H,(0))osco

o Prior density m,(0), 6 € ©® CRP
@ Quasi log-LF H,,: 2 X ® — R, Quasi-MLE 6,, € argmax H,,
o Locally asymptotically quadratic (LAQ)
1
Hp (6o + An(6o)u) — H,(6o) = Anfu] — El"o[u, u] + rn(u),
An(0) = diag {a1n(0)Ipsy. .., axn(0)Ip}, ain(6) — 0
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Preliminaries and objective
ooe

Objective: a quasi-Bayes model (7,,(0), H,(0))oco

o Prior density m,(0), 6 € ©® CRP
@ Quasi log-LF H,,: 2 X ® — R, Quasi-MLE 6,, € argmax H,,
o Locally asymptotically quadratic (LAQ)

Hn(eo + An(eo)u) - H'n(oo) - An[u] - %FO[’UW ’lL] + T‘n(u)?
An(0) = diag {a1n(0)Ipsy. .., axn(0)Ip}, ain(6) — 0

Extension of Schwarz’s BIC reach

-2 log{ /e exp (Hn(e))ﬂ-(O)dE)} ~ —2H,,(0,) + (Regularization)

e Unified approach to approximate the marginal quasi-likelihood

o Adaptive model-selection consistency w.r.t. quasi-true model

Hiroki Masuda Schwarz type model comparison Dynstoch 2016 Rennes, June 9, 2016 5/20



QBIC: extended Schwarz’s reach

e QBIC: extended Schwarz's reach

Hiroki Masuda Schwarz type model comparison nstoch 2016 Rennes, June



QBIC: extended Schwarz's reach and simulations
@00

Assumptions

o Quasi observed information matrix I',,(0) := —A,,87H,,(0) A,

[Al1] H, € C3(®) a.s., T'n(600) 2, I'v > 0 a.s., and for each g > 0,
supE<|An89Hn(00)|q + Slelp T (0)|7 + stexp |89I‘n(0)|q) < oo

[A2] sup 7, (8) V 7, 1(0) < oo, and VM > 0, sup |7n(0o + Anu) — 7wn(60)| — O
n,0 lu|<M

[A3] A;1(6. — 60) is L" (P)-bounded for some 7 > 3

[A4] Vg > O, 1imsupE<sup)\_q (Fn(9))> < oo
n (2

min

5
[A5] lim sup E{(/erﬂ"(oo"'A"“)_H"(oU)du) } < oo for some § > 0
n

@ Could be much weakened for the “stochastic expansion”
@ “[Al1] + [AA4] plus alpha” => [A3] (Yoshida (2011))
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QBIC: extended Schwarz’s reach
(o] 1o}

Quasi-Bayesian information criterion (QBIC)

Theorem (Approximation of the expected marginal quasi log-LF)

E( — 2log /@ exp (Hn(O))ﬂ'(H)dO)
= E (—2H,(6n) + log | — 92H,,(6,)|)
—FE (2 log 7, (6,,) —|—p10g(27r)) +o(1)
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QBIC: extended Schwarz’s reach
(o] 1o}

Quasi-Bayesian information criterion (QBIC)

Theorem (Approximation of the expected marginal quasi log-LF)
E( — 2 log/ exp (Hn(a))ﬂ'(H)dO)
e

— E (2log mn(6,) + plog(2m) ) +o(1)

Definition (QBIC: an extended Schwarz’s criterion)

S, = —2Hn(én) + log| — Ban(én)‘

K
= —2H,(0n) + > pr10g (akn(0n) ") + 05 (1)

k=1
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QBIC: extended Schwarz’s reach
[ ]

Approximate unbiased estimator of the relative Kullback-Leibler divergence

0 KLpm,n := E{log g™ (X,)} — E{log frm.n(Xn)}, 1<m<M

E( — 2log / exp(Hm,n(B))Trm,n(B)d9>

m

= E{_sz,n(ém,n) + 10g| - agHm,n(ém,nH

— (2 108 T, (Omyn) + Prm 10%@“’))} +o(1)
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QBIC: extended Schwarz’s reach
[ ]

Approximate unbiased estimator of the relative Kullback-Leibler divergence

0 KLpm,n := E{log g™ (X,)} — E{log frm.n(Xn)}, 1<m<M

E( — 2log / ) exp(Hm,n(Q))ﬂ'm,n(G)dQ)

= E{_sz,n(ém,n) + 10g| - agHm,n(ém,nH

— (2 108 T, (Omyn) + Prm 10%@“’))} +0o(1)

1 . ~
o KLy, — KLy, = E(E(an’n — s,im)) +0o(1), 1<m,l<M

o Equivalently, approximation of the expected log-Bayes factor
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Examples and simulations

© Examples and simulations
@ Adaptive model-selection consistency in multi-scaling case
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Examples and simulations
°

(1) QBIC for estimating volatility of continuous process

1
dY:f = exp (§<Xt, 0>>dwt, Xt = (X]_’t, ey Xp,t)

@ Data (Xy;, Yi;)7_ g tj :=JT/n
LI - 1 L
@ e.g. sup |X¢(w)| < oo, P{)\min<—/ X; dt) <r- }57‘“
t,w T 0

@ Gaussian QLF, (Genon-Catalot and Jacod (1993), Uchida and Yoshida (2013)):

n
Hn(0) = Y 10g &(¥iy5 Yoy s o oxp ((X1,,50) ) = 8oy vA-AMN
Jj=1
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simulations

(1) QBIC for estimating volatility of continuous process

1
det = exp (§<Xt, 0>)dwt, Xt = (Xl,ta ooy Xp,t)

@ Data (Xy;, Yi;)7_ g tj :=JT/n
1T ®2 1 L
@ e.g. sup | X¢(w)| < oo, P{Amin<—/ Xy dt) <r” }5"‘_
t,w T 0

@ Gaussian QLF, (Genon-Catalot and Jacod (1993), Uchida and Yoshida (2013)):

n
Hn(0) = Y 10g &(¥iy5 Yoy s o oxp ((X1,,50) ) = 8oy vA-AMN

j=1
Quasi BIC: S, = —2H,(8,) + log | — 83H,,(6,,)|
Formal BIC: BIC,, = —2H,(0,) + plogn

Formal AIC(?): fAIC, = —2H,(0,,) + 2p
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Examples and simulations
(]

ep=23; X;1:=10, X,;=cos(B;), Xs:=sin(B;)
e B: standard BM independent of w
eT =1, §MC = 1000

Sample paths

Time

Dynstoch 2016 Rennes, June 9, 2016
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Examples and simulations
o

@ Model-selection frequency

Criterion n = 200 n = 500 n = 1000
1 2 3 4 56 7|1 2 3 4 56 7|1 2 3 4 567
QBIC |78 T 1 920 0 0 038 0 7 95 1 0 0|27 1 3 969 0 0 0
BIC 6 42 245 703 4 0 0|7 5 161 826 1 0 0| 4 1 122 873 0 0 0
FAIC 74 40 236 648 2 0 0|94 2 155 748 1 0 0119 1 115 765 0 0 0
e Estimation performance 6y = (0, —2, 3)
n = 200 n = 500 n = 1000
6, 0, 05 6, 0, 05 6, 0, A
T | mean || -0.0242 -1.7665 2.9373 | -0.0091 -1.9145 2.9985 | -0.0080 -1.0306 2.9845
sd. | 02200 22493 0.8445 | 0.1366 1.3373 0.5130 | 0.1028 1.0048 0.3855
2 | mean || 0.0620 -25040 - | 0.0870 -2.7206 - | 0.1050 -2.8925 -
sd. | 06529 63498 - | 0.6370 6.1847 - | 0.6329 6.1223 -
3 | mean |[-02047 - 20181 | -0.2029 -  2.9897 | -0.2048 -  3.0437
sd. || 0.0471 - 12826 | 00473 - 12787 | 0.0503 -  1.2950
4" [mean || -  -1.9048 2.9628 | -  -1.0976 2.9963 | -  -2.0038 2.0883
s.d. - 01712 03275| - 01053 0.1918 | -  0.0751 0.1424
5 | mean | -0.1029 - - |-0006 - - o087t - -
sd. | 01488 - - Joaszr - - |o1s18 - -
6 |mean | -  -1.9063 - - 18867 - - a2 -
s.d. - o401 - - 04622 - - 04716 -
7 [mean| - - 30147 - - 29964 | - - 29648
s.d. - - 08319] - - 05530 | - - 05440
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Examples and simulations
°

(2) QBIC for estimating ergodic diffusion

dXt = a(Xt, a)dt + b(Xt, ,B)dwt

@ Data (X4;) t; = jn=2/3 (T, = n'/3 — o0), 0 := (a,B) € RP« x RPS

"o
@ Efficient Gaussian QLF (Kessler, 1997):
Hn(6) = ) log ¢(th; X, y + hna(Xe;_,,a), hnb2(xtj_1,ﬁ))

j=1

= (VT (@n — @0), vi(Bn — Bo)) <> N (0, diag(Za, Tp))
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Examples and simulations

QBIC: extended Schwar
0000000

(2) QBIC for estimating ergodic diffusion

dXt = a(Xt, a)dt + b(Xt, ,B)d'wt
@ Data (X4, );?_0, t; = jn=2/3 (T, = n'/3 — o0), 0 := (a,B) € RP« x RPS

@ Efficient Gaussian QLF (Kessler, 1997):

Hn(6) = ) log ¢><th; X, y + hna(Xe;_,,a), hnb2(xtj_1,ﬂ))

j=1

= (VT (@n — @0), vi(Bn — Bo)) <> N (0, diag(Za, Tp))

Quasi BIC: Sn = —2Hn(0n) + log | — 82Hn(6r)| + log | — 82Hn (6n)|
Formal BIC: BIC,, = —2Hn(én) + po log T, + pslogn
Formal AIC

(CIC, Uchida, 2010): CIC,, = —2H,(d,) + 2p
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Examples and simulations
L]

Adaptive model-selection consistency in multi-scaling case

dXt = a(Xt, a)dt + b(Xt, ﬂ)dwt,

e Avoiding “full-model” search, reducing computation cost 2:

@ First, make a selection for the diffusion coefficient by the auxiliary
quasi-log LF ignoring the drift term:

S = —20,,(B,) + log | — 93, (Bn)]

© Then, for the drift coefficient by making use of Bn:
87 = —2Hn(an, Bn) + log | — 5Hn (Gn, Bn)|

followed by the coefficient-selection consistency.

2General multi-scale LAQ case can be treated similarly.
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Examples and simulations
o

Simulation design

1
dX; = —Xdt + exp {5(—2 cos X; + 1)}dwt, Xo=1

1
Diff 1 :exp {5(911 cos Xt + 012 sin X + 913)};
1
Diff 2 :exp {5(911 cos Xt + 012 sin Xt)};
1
Diff 3 :exp {5(911 cos Xt + 913)};
1
Diff 4 : exp {5(912 sin Xt + 913)};
; 1 . 1 . . 1
Diff 5 :exp {5911 cos Xt}; Diff 6 : exp {5012 sin Xt}; Diff 7 :exp {5613}

Drif 1 : 021X + 022
Drif 2 : 021 X4¢;
Drif 3 : 022
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Examples and simulations
o

@ Joint QBIC (left) and adaptive QBIC (right)

Criteria 7 = 1000
Diff 1 Diff 2 Diff 3* Diff4 Diff5 Diff 6 Diff 7
QBIC 5 11 103 0 1 0 1
Drif 1 BIC 0 24 90 0 50 0 1 Criteria n = 1000
cc 20 31 121 0 18 0 1 Diff 1 Diff2 Diff 3* Diff4 Diff5 Diff 6 Diff 7
L A A T N
ri BIC 0 13 115 0 37 0 0
cic 9 39 569 3 71 0 3 .| QBIC || 27 12 774 0 56 0 1
QBIC || 0 0 2 0 0 0 0 Drf 2" | “mic 2 17 504 0 192 0 1
Drif 3 BIC 1 0 28 0 0 0 0 orif3 | QBIC 0 0 2 0 0 0 0
cc 9 0 19 0 0 0 0 BIC 1 0 28 0 0 0 0
n = 3000 Criteria n = 3000
Diff 1 Diff2 Diff 3* Diff4 Diff5 Diff 6 Diff 7 Diff 1 Diff2 Diff 3 Diff4 Diff5 Diff 6 Diff 7
] QBIC 2 0 93 0 0 0 0 brf1 | @BIC 3 0 92 0 0 0 0
Drif 1 BIC 1 0 110 0 14 0 0 BIC 1 0 116 0 7 0 0
cic 22 1 166 0 1 0 0 Drif 2+ | @BIC T 1 888 0 z 0 0
QBIC 13 3 876 0 13 0 0 BIC 1 4 833 0 31 0 0
Drif 2 | BIC 1 5 811 0 51 0 0 prif3 | @BIC 0 0 0 0 0 0 0
cic 104 7 686 0 6 0 0 BIC 0 0 7 0 0 0 0
QBIC 0 0 0 0 0 0 0 Criteria n = 5000
Drif 3 BIC 0 0 7 0 0 0 0 Diff 1 _Diff 2 Diff 3* Diff 4 Diff 5 Diff 6 Diff 7
cc 2 0 5 0 0 0 0 o1 | @BIC 2 0 71 0 0 0 0
= 5000 BIC 0 0 9 0 1 0 0
Diff 1 Diff2 Diff 3" Diff4 Diff5 Diff 6 Diff 7 Drif 2« | QBIC 14 0 912 0 0 0 0
QBIC 1 ) 73 ) 0 ) ) BIC 1 1 886 0 13 0 0
Drif 1 BIC 0 0 9% 0 1 0 0 prif3 | QBIC 0 0 1 0 0 0 0
cc 42 0 138 0 0 0 0 BIC 0 0 4 0 0 0 0
QBIC 5 0 910 0 1 0 0
Drif 2* | BIC 1 1 882 0 17 0 0
cic 140 0 675 0 1 0 0
QBIC 0 0 1 0 0 0 0
Drif 3 BIC 0 0 4 0 0 0 0
cc 0 0 4 0 0 0 0

e Joint QBIC spent nearly double time compared with adaptive QBIC
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© Summary
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Summary
o0

Summary

—2log (/@ exp (Hn(e))w(e)d9> ~ —2H, (6,)+log |—33Hn(én)|—2 log 7y (0,.) —p log(27)

QBIC: Extended Schwarz’s statistics for LAQ models under possible multi-scaling

S, = —2Hn(én) + log{ — aan(én)|

K
= —2H,(6,) + Z pr. log (akn(én)_z) + log } — Anagﬂn(én)An’

k=1

=Og (1)

Formal BIC
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Summary
o0

QBIC: Extended Schwarz’s statistics for LAQ models under possible multi-scaling

S, = —2Hn(én) + log{ — aan(én)|

K
= —2H,(6,) + Z pr. log (akn(én)_z) + log } — Anagﬂn(én)An’

k=1

=Og (1)

Formal BIC

o My vs M,
Approximation of

o KLpm.n — KLin

o Io P(Mn|Xy5)
£ P(MiIX,)
’ Minimum-QBIC ’ @ Adaptive consistent
Sin Siin selection
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Summary
(] J

References

@ Eguchi, S. and Masuda, H. (2016), Schwarz type model comparison for LAQ models.
arXiv:1606.01627

[1] Cavanaugh, J. E. and Neath, A. A. (1999), Generalizing the derivation of the Schwarz information
criterion. Comm. Statist. Theory Methods, 28, 49-66.

[2] Genon-Catalot, V. and Jacod, J. (1993), On the estimation of the diffusion coefficient for
multi-dimensional diffusion processes. Ann. Inst. H. Poincaré Probab. Statist. 29, 119-151.

[3] Kessler, M. (1997), Estimation of an ergodic diffusion from discrete observations. Scand. J. Statist.,
24, 211-229.

[4] Lv, J. and Liu, J. S. (2014), Model selection principles in misspecified models, J. R. Stat. Soc. B.,
76, 141-167.

[5] Schwarz, G. (1978), Estimating the dimension of a model. Ann. Math. Statist., 6, 461-464.

[6] Uchida, M. and Yoshida, N. (2013), Quasi likelihood analysis of volatility and nondegeneracy of
statistical random field. Stochastic Process. Appl. 123, 2851-2876.

[7] Yoshida, N. (2011), Polynomial type large deviation inequalities and quasi-likelihood analysis for
stochastic differential equations, Ann. Inst. Statist. Math., 63, 431-479.

Hiroki Masuda Schwarz type model comparison Dynstoch 2016 Rennes, June 9, 2016 20 /20



	Preliminaries and objective
	QBIC: extended Schwarz's reach
	Examples and simulations
	Adaptive model-selection consistency in multi-scaling case

	Summary

