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• Phénomènes physiologiques : échanges ioniques dans le rein (humain, rat)
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• Méthodes de résolution : différences finies et méthodes de type Newton
−→ Problèmes de convergence (état initial, linéarisation. . .)
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théorie, analyse asymptotique et applications numériques
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Description du rein

• La composition du sang doit rester constante dans le corps

• Les apports dus à la nourriture varient (au cours du temps, par individu. . .)

• Effet homéostatique du rein :
• maintien de l’équilibre par des mécanismes physiologiques
• le sang passe dans le rein (artère vers veine)
• mécanismes de filtration par échange pariétaux
• urine : eau et solutés filtrés

Well-posedness and
qualitative properties
of a kidney model

Magali Tournus,
directed by Benôıt
Perthame, Aurelie
Edwards, Nicolas

Seguin

The kidney

Study of a simplified
model

Well posedness and
basic properties

The role of the pump

The kidney

! Blood composition has to stay constant in the body

! The food intake vary (they depend on time, on each individual,..)

! By filtering blood, kidney regules homeostatsy

Figure:
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Description du rein

• Ensemble de tubes en forme de U

• Échanges pariétaux entre les tubes (tubules ou vasa racta)

• Urine récupérée via des canaux collecteurs
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Well-posedness and
qualitative properties
of a kidney model

Magali Tournus,
directed by Benôıt
Perthame, Aurelie
Edwards, Nicolas

Seguin

The kidney

Study of a simplified
model

Well posedness and
basic properties

The role of the pump

The concentrating mechanism

Exchanges of solutes between the tubes makes the solute concentration
variyng.

Figure:

Physiological attempts : At equilibrium, we expect a liquid with a high
concetration “down below”.
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Modélisation du rein : géométrie
[Tournus et al., Am. J. Physiol. Renal. Physiol. 2013]

DVR Vasa recta descendant (sang) AVR Vasa recta ascendant (sang)
LDL tubule long descendant (eau) LAL tubule long ascendant (eau)
SDL tubule court descendant (eau) SAL tubule court ascendant (eau)
CD canal collecteur (urine)

IS Inner stripe of outer medulla
Km,i

j Michaelis-Menten constant for active transport of
solute i in vessel or tubule j

L Total length of medulla
LcTDC Combined length of the cTAL, DCT, and CNT

Ld Total length of cortical distal tubules
LIM Lower part of inner medulla

LP
j Permeability of vessel or tubule j to water

mTAL Medullary thick ascending limb
Nj Number of vessels or tubules of type j

OM Outer medulla
OS Outer stripe of outer medulla
Pi

j Permeability of vessel or tubule j to solute i
rj Radius of vessel or tubule j

SAL Short ascending limb
SDL Short descending limb
tAL Thin ascending limb

TAL Thick ascending limb
UIM Upper part of inner medulla
Vj

m,i Maximal rate of active transport of solute i in
tubule j

xOM/

IM Spatial coordinate at the OM-IM boundary
xOS/IS Spatial coordinate at the OS-IS boundary
!VTE

j Electric potential difference between the lumen of
tubule j and the interstitium

"i
j Reflection coefficient of vessel or tubule j to solute

i

MODEL DESCRIPTION

Physical Representation

The model represents all tubules and vessels in the medulla, that
is, descending (DL) and ascending (AL) limbs of Henle, collecting
ducts (CD), and descending (DVR) and ascending (AVR) vasa
recta, all of which are immersed in a common interstitium. In
contrast with the HT model that specifies steady state boundary
conditions at the inlet of the outer medullary collecting duct
(OMCD), we explicitly represent the cortical distal tubules that
connect the medullary thick ascending limb (mTAL) to the OMCD.
The four cortical segments include the cortical thick ascending
limb (cTAL), the distal convoluted tubule (DCT), the connecting
tubule (CNT), and the cortical collecting duct (CCD).

We distinguish between superficial and deep nephrons. As
depicted in Fig. 1, the superficial nephrons have short loops of
Henle that do not penetrate into the inner medulla, whereas the
deep nephrons have longer loops. The superficial nephrons also
have a longer cTAL and a shorter CNT, relative to the deep
nephrons. We assume that superficial and deep nephrons connect at
the CCD entrance. Among the deep nephrons, we make a further
distinction, between those that turn within the first millimeter of
the inner medulla and those that reach below; as described below
these two types have different hydraulic conductivity profiles.
Within a given class of tubules or vasa recta, physical properties
(e.g., permeability and radius) are identical at a given position but
may vary with depth.

The renal medulla is divided into the outer medulla (OM) and
the inner medulla (IM), as illustrated in Fig. 1. The outer medulla
itself consists of an outer stripe (OS) and an inner stripe (IS). The
inner medulla is also subdivided into an upper part (UIM) and a
lower part (LIM). Whereas the cortical interstitium is taken to be
isosmotic with plasma, solute concentrations in the renal medullary
interstitium vary along the corticomedullary axis. The model

explicitly represents three solutes, NaCl (denoted “NaCl”), urea
(“U”), and Ca2# (“Ca”).

Number and Length of Vessels and Tubules

In the cortex, the DCT and CCD are taken to be 0.7- and 3.0-mm
long, respectively. As noted above, the length of the cTAL and
CNT varies between superficial and deep nephrons. These seg-
ments are taken to be, respectively, 2.5- and 1.0-mm long in
superficial nehrons, and 0.5- and 3.0-mm long in deep nephrons.
The combined length of the cTAL, DCT, and CNT (denoted LcTDC)
is therefore equal to 4.2 mm in both superficial and deep nephrons.
We denote by yL the spatial coordinate at the boundary between the
DCT and the CNT in deep nephrons, by yS that in superficial
nephrons, and by Ld the total length of the cortical distal tubules
(7.2 mm).

The total length of the rat medulla (L) is taken as 6 mm. The
abscissas xOS/IS (0.7 mm) and xOM/IM (2 mm), respectively, represent
the spatial coordinate at the boundary between the OS and IS and
between the OM and IM. The long loops of Henle and vasa recta turn
back at varying distances from the cortex, as depicted in Fig. 1. The
total number of nephrons is taken as 30,000 (4). The numbers of
vessels and tubules of type j (denoted Nj) are shown as a function of
position in Fig. 2.

Vessels. The number of long descending vasa recta (NL
DVR) is taken

to decrease exponentially in the IM

NL
DVR!x" ! 20, 000 0 " x " xOM⁄IM,

NL
DVR!x" ! 20, 000 exp##kDVR!x # xOM⁄IM"$ xOM⁄IM " x .

The number of short descending vasa recta (NS
DVRL) is taken to be

constant in the OS and to linearly decrease in the IS

NS
DVR!x" ! 40, 000 0 " x " xOS⁄IS,

NS
DVR!x" ! 40, 000 $ %1 #

x # xOS⁄IS

xOM⁄IM # xOS⁄IS
& xOS⁄IS " x " xOM⁄IM.
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Fig. 1. Model representation of the rat kidney architecture. Long descending
limbs (LDL) and descending vasa recta (DVR) turn at variable depths to form
long ascending limbs (LAL) and ascending vasa recta (AVR), as indicated by
the thick arrows. Their apparent radius (not to scale) and that of collecting
ducts (CD) varies with position to signify that the number of such tubules and
vessels decreases along the corticomedullary axis. Superficial nephrons and
deep nephrons merge at the CD entrance. The combined length of the cortical
distal tubules, including the cortical thick ascending limb (cTAL), the distal
convoluted tubule (DCT), the connecting tubule (CNT), and the cortical CD,
is taken as 7.2 mm for both types of nephrons. The length of the medulla is
taken as 6.0 mm. The meaning of other symbols can be found in the text and
glossary.

F980 MODEL OF CALCIUM TRANSPORT ALONG THE RAT NEPHRON
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Modélisation du rein : équations
[Tournus et al., Am. J. Physiol. Renal. Physiol. 2013]

Remplacement des modèles stationnaires par un modèle dynamique + temps long

Vecteur des concentrations de solutés par tube c
Vecteur des concentrations de solutés dans l’interstitium cint
Vecteur des flux d’eau dans les tubes f
Transferts pariétaux entre les tubes et l’interstitium s, t et sint





∂tc+ ∂x(A(f , x)c) = s(c, cint, x) x ∈ (0, L)

∂tcint = sint(c, cint, x)

∂xf = t(c, cint),

+ conditions aux limites,

Relations de conservation

sint +
∑

α∈{tubes}

sα = 0 et
∑

α∈{tubes}

tα = 0.
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Modélisation du rein : buts du projet

Projet Emergence 2010–2013 (UPMC–Paris 6) : thèse de Magali Tournus

Modèles d’échanges ioniques dans le rein :
théorie, analyse asymptotique et applications numériques

Encadrement :

• Aurélie Edwards, Centre de Recherche des Cordeliers, UPMC–Paris 6

• Benôıt Perthame, N.S. Laboratoire Jacques-Louis Lions, UPMC–Paris 6

Buts du projet :

• Compréhension du modèle dynamique et approximation numérique

• Analyse de sensibilité : concentrations en calcium

• Existence d’un gradient osmotique dû à la forme en U des tubes
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Publications issues du projet

M. Tournus, Modèles d’échanges ioniques dans le rein : théorie, analyse asymptotique et
applications numériques, Thèse de doctorat, 2013

• M. Tournus, A. Edwards, N. Seguin, B. Perthame, Analysis of a simplified model of
the urine concentration mechanism, Netw. Heterog. Media, 2012

• A. Edwards, N. Seguin and M. Tournus, A finite volume scheme for a kidney
nephron model, ESAIM : Proc., 2012

• M. Tournus, An asymptotic study to explain the role of active transport in models
with countercurrent exchangers, SeMA Journal, 2012

• M. Tournus, N. Seguin, B. Perthame, S. R. Thomas, A. Edwards, A model of
calcium transport along the rat nephron, American Journal of Physiology, Renal
Physiology, 2013

• B. Perthame, N. Seguin, M. Tournus, A simple derivation of BV bounds for
inhomogeneous relaxation systems, Commun. Math. Sci., 2014

• N. Seguin, M. Tournus, Asymptotic preserving discretisation of a Jin–Xin model
with implicit equilibrium manifold on a bounded domain, In preparation
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Principes de l’approche

Construction de modèles simplifiés

• Caractère bien posé : existence, unicité, stabilité. . .

• Approximation numérique (robustesse, rapidité, fiabilité. . .)

Reproduction de phénomènes particuliers

• Attention. Pas de mesure expérimentale disponible ! ! !

• Compréhension des effets prépondérants

• Théoriquement : solutions particulières, comportements asymptotiques

• Numériquement : efficacité, “intéraction” numérique/asymptotique

Sur le modèle complet

• Flexibilité et robustesse de l’approche
• Extension de la méthode numérique
• Étude phénoménologique

• Analyse de sensibilité. . .
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Le modèle à 3 tubes

• Tubes imperméables à l’eau

• Diffusion des solutés à travers les tubes

• Transport actif : une pompe extrait le soluté du tube 3 vers l’interstitium

• Pas d’accumulation de soluté dans l’interstitium

Vm

I
N
T
E
R
S
T
I
T
I
U
M

II
N
T
E
R
S
T
I
T
I
U
M

x=0

x=L

F 1 F 2 F 3

J1 J2 J3

j F j

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F 1 dC1(x)

dx
= J1(x), x ∈ [0, L],

F 2 dC2(x)

dx
= J2(x), x ∈ [0, L],

F 3 dC3(x)

dx
= J3(x), x ∈ [0, L],

C1(0) = C1
0 , C2(0) = C2

0 , C3(L) = C2(L),

C1
0 C2

0 J j j
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Le modèle à 3 tubes

Ck, Cint concentration dans le tube k, dans l’interstitium
Fk vitesse dans le tube k (constante par tube) = (1, 1,−1)
Jk flux de soluté entre le tube k et l’interstitium
P (C3, x) transport actif dans le tube 3
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F 1 dC1(x)

dx
= J1(x), x ∈ [0, L],

F 2 dC2(x)

dx
= J2(x), x ∈ [0, L],

F 3 dC3(x)

dx
= J3(x), x ∈ [0, L],

C1(0) = C1
0 , C2(0) = C2

0 , C3(L) = C2(L),

C1
0 C2

0 J j j
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Le modèle à 3 tubes

Modèle dynamique :





∂tC1 + ∂xC1 = J1(Cint, C1)

∂tC2 + ∂xC2 = J2(Cint, C2)

∂tC3 − ∂xC3 = J3(Cint, C3)− P (C3, x)

J1(Cint, C1) + J2(Cint, C2) + J3(Cint, C3) = 0

C1(t, 0) = C in
1 , C2(t, 0) = C in

2 , C3(t, L) = C2(t, L)

Ck, Cint concentration dans le tube k, dans l’interstitium
Fk vitesse dans le tube k (constante par tube) = (1, 1,−1)
Jk flux de soluté entre le tube k et l’interstitium
P (C3, x) transport actif dans le tube 3
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Le modèle à 3 tubes : résultats mathématiques

Modèle dynamique :





∂tC1 + ∂xC1 = J1(Cint, C1)

∂tC2 + ∂xC2 = J2(Cint, C2)

∂tC3 − ∂xC3 = J3(Cint, C3)− P (C3, x)

J1(Cint, C1) + J2(Cint, C2) + J3(Cint, C3) = 0

C1(t, 0) = C in
1 , C2(t, 0) = C in

2 , C3(t, L) = C2(t, L)

Résultats

• Existence et unicité de la solution (positive) du modèle dynamique.

• Existence et unicité de la solution (positive) du modèle stationnaire.

• Convergence quand t→ +∞ de la solution dynamique vers la solution
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Le modèle à 3 tubes : le rôle de la pompe

Terme de pompe de type Michaëlis–Menten :

P (C3, x) = Vm(x)
C3

C3 + 1

avec Vm tel que 0 6 P (C3, x) 6 Pmax et P (0, x) = 0.

Vm C1 C2 C3

x = L x = 0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 11

1.5

2

2.5

3

3.5

C3

C2

C1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10.5

1

1.5

2

2.5

3

3.5

C1

C3

C2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10

0.5

1

1.5

2

2.5

3

3.5

C3

C2

C1

C1, C2 C3 x Vm = 0
Vm = 5 Vm = 50 C1

0 = 2 C2
0 = 1

Vm

C L∞[0, L]
C

C = (C1, C2, C3) x = L

(C1
Vm

, C2
Vm

, C3
Vm

) −→
Vm−→+∞

(C1, C2, C3) Lp(1 ≤ p < ∞), p.p.,

(
dC1

Vm

dx
,
dC2

Vm

dx
,
dC3

Vm

dx
) −→

Vm−→+∞
(µ1, µ2, µ3) M1[0, L],

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C1(x) =
C1

0 + C2
0

2
+

C1
0 − C2

0

2
e−x,

C2(x) =
C1

0 + C2
0

2
+

C2
0 − C1

0

2
e−x,

C3(x) = 0.

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

µ1 =
1

2

[
(C2

0 − C1
0 )e−x + BδL

]
,

µ2 =
1

2

[
(C1

0 − C2
0 )e−x + BδL

]
,

µ3 = BδL.

B = lim
Vm→∞

C3
Vm

(L).

x = L

Vm = 0 Vm = 5 Vm = 50

Concentration maximale au bas du U : gradient osmotique
Analyse asymptotique quand Vm → +∞.
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Le modèle à 2 tubes

(Après simplifications, adimensionnement et changements de variables. . .)

• Modèle à deux tubes couplés

• Présence du gradient osmotique : homéostasie vs condition limite

• Résolution numérique précise du gradient osmotique pour tout Vm

Notations : ε ≈ 1/Vm, concentrations (uε, vε) :





∂tuε + ∂xuε =
1

ε

(
h(vε)− uε

)

∂tvε − ∂xvε =
1

ε

(
uε − h(vε)

) x ∈ [0, 1], t > 0,

+ conditions aux limites :

uε(t, 0) = ul et vε(t, 1) = αuε(t, 1) (0 < α 6 1)

• Solution stationnaire (t→ +∞), asomptotique ε→ 0

• Présence d’un gradient osmotique : {h(v) = u} ∩ {v = αu} = ∅
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Le modèle à 2 tubes : résolution numérique





∂tuε + ∂xuε =
1

ε

(
h(vε)− uε

)

∂tvε − ∂xvε =
1

ε

(
uε − h(vε)

) x ∈ [0, 1], t > 0,

+ conditions aux limites :

uε(t, 0) = ul et vε(t, 1) = αuε(t, 1) (0 < α 6 1)

Construction d’un schéma numérique compatible avec l’asymptotique ε→ 0
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Modélisation du rein : modèle complet
[Tournus et al., Am. J. Physiol. Renal. Physiol. 2013]

Retour sur le modèle complet :





∂tc+ ∂x(A(f , x)c) = s(c, cint, x) x ∈ (0, L)

∂tcint = sint(c, cint, x)

∂xf = t(c, cint),

+ conditions aux limites,

sint +
∑

α∈{tubes}

sα = 0 et
∑

α∈{tubes}

tα = 0.

• Méthode numérique robuste
(convergence vers le même état stationnaire quelque soit l’état initial)

• Présence d’un gradient de calcium dans l’interstitium

• Analyse de sensibilité (réabsorption d’eau et NaCl)

• . . .
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