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Example of learning task used in this talk: k-means clustering.
Goal: ﬁnd 𝜃 = locations of 𝑘 centroids (𝑐𝑗 )1≤𝑗≤𝑘 in ℝ𝑑 minimizing:
𝑛
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𝑖=1
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Each sample 𝑥𝑖 is then assigned to the closest centroid.
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Handling Large Datasets: Several Approaches
B large 𝐧
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𝑧1 𝑧2 𝑧3

⋯

𝑧𝑛

Subsampling
𝑛′ ≪ 𝑛 samples, but still in dimension 𝑑!
Coresets, Nyström methods.
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Choice of the Feature Function
Which feature map Φ can we use?
For k-means clustering and GMM ﬁtting, random Fourier features:
𝑇

𝑒−𝑖𝜔1 𝑥
⎡
⎤
𝑚
Φ(𝑥) = ⎢
⋮
⎥ ∈ ℂ , with random i.i.d. (𝜔𝑗 )1≤𝑗≤𝑚 .
−𝑖𝜔𝑇
𝑥
⎣ 𝑒 𝑚 ⎦
Rahimi and Recht, 2007. “Random Features for Large-Scale Kernel Machines”
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Hence, the 𝑗-th element of the sketch is: 𝑠𝑗̂ =

1
𝑛

∑𝑛𝑖=1 𝑒−𝑖𝜔𝑗 𝑥𝑖 .
𝑇

Sketching = sampling the (empirical) characteristic function at the
random frequency vectors (𝜔𝑗 )1≤𝑗≤𝑚 .
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Sketching and neural networks
Let Ω =
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𝑥1 𝑥2 ⋯ 𝑥𝑛

Dataset 𝑋

5

Sketching and neural networks
Let Ω =

𝜔1 𝜔2 𝜔3

⋯

𝜔𝑛

be the matrix of frequencies.

Ω⊤ ⋅
linear

Dataset 𝑋

⋯

Ω⊤ 𝑥𝑛

𝑥1 𝑥2 ⋯ 𝑥𝑛

Ω⊤ 𝑥1
Ω⊤ 𝑥2

Sketching is performed as follows:

Ω⊤ 𝑋

5

Sketching and neural networks
Let Ω =

𝜔1 𝜔2 𝜔3

⋯

𝜔𝑛

be the matrix of frequencies.

Dataset 𝑋

Ω⊤ 𝑋

exp(𝑖 ⋅)
pointwise
non-linear

⋯

exp(𝑖Ω⊤ 𝑥𝑛 )

⋯

exp(𝑖Ω⊤ 𝑥1 )
exp(𝑖Ω⊤ 𝑥2 )

Ω⊤ ⋅
linear

Ω⊤ 𝑥𝑛

𝑥1 𝑥2 ⋯ 𝑥𝑛

Ω⊤ 𝑥1
Ω⊤ 𝑥2

Sketching is performed as follows:

exp(𝑖Ω⊤ 𝑋)

5

Sketching and neural networks
Let Ω =

𝜔1 𝜔2 𝜔3

⋯

𝜔𝑛

be the matrix of frequencies.

Dataset 𝑋

Ω⊤ 𝑋

exp(𝑖 ⋅)
pointwise
non-linear

⋯

exp(𝑖Ω⊤ 𝑥𝑛 )

⋯

exp(𝑖Ω⊤ 𝑥1 )
exp(𝑖Ω⊤ 𝑥2 )

Ω⊤ ⋅
linear

Ω⊤ 𝑥𝑛

𝑥1 𝑥2 ⋯ 𝑥𝑛

Ω⊤ 𝑥1
Ω⊤ 𝑥2

Sketching is performed as follows:

exp(𝑖Ω⊤ 𝑋)

average
(pooling)

𝑠̂

Sketch 𝑠 ̂

Sketching ≈ single-layer neural network with random weights + pooling.
cf. invertibility of CNNs Gilbert et al. (2017) .
Multi-layer sketching → DNNs?
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Solving the Inverse Problem
Learn from the empirical sketch = moment-matching problem.
cf. Generalized method of moments Hall (2005) .
Example (k-means clustering): looking for centroids (𝑐𝑖 )1≤𝑖≤𝑘 in ℝ𝑑 :
𝑘

(𝐶, 𝛼) = arg min ∥ ∑ 𝛼𝑖 Φ(𝑐𝑖 ) −
𝐶,𝛼
𝑖=1
⏟
⏟⏟⏟⏟
sketch of the
centroids (𝑐𝑖 )1≤𝑖≤𝑘

𝑠̂
⏟

∥ .
2

empirical
sketch

B This is non-convex!
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B This is non-convex! Heuristics can be used in practice:

• CL-OMP(R): a greedy approach.
It is a continuous adaptation of orthogonal matching pursuit with replacement.
Keriven et al., 2016. “Sketching for large-scale learning of mixture models”

6

Solving the Inverse Problem
Learn from the empirical sketch = moment-matching problem.
cf. Generalized method of moments Hall (2005) .
Example (k-means clustering): looking for centroids (𝑐𝑖 )1≤𝑖≤𝑘 in ℝ𝑑 :
𝑘

(𝐶, 𝛼) = arg min ∥ ∑ 𝛼𝑖 Φ(𝑐𝑖 ) −
𝐶,𝛼
𝑖=1
⏟
⏟⏟⏟⏟
sketch of the
centroids (𝑐𝑖 )1≤𝑖≤𝑘

𝑠̂
⏟

∥ .
2

empirical
sketch

B This is non-convex! Heuristics can be used in practice:

• CL-OMP(R): a greedy approach.
It is a continuous adaptation of orthogonal matching pursuit with replacement.
Keriven et al., 2016. “Sketching for large-scale learning of mixture models”

• CL-AMP: inference using generalized message passing (GAMP).
Graphical model linking the centroids (input signal) to the sketch (observation) through an
input channel (Gaussian prior), a linear mixing and an output channel (non-linearity + pooling).
Byrne, Gribonval, and Schniter, 2017. “Sketched Clustering via Hybrid Approximate Message Passing”
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Sketch size
Which sketch size 𝑚 to learn 𝑝 = 𝑘𝑑 parameters?
Statistical learning guarantees (control
of the excess risk).
For 𝜀-separated clusters in ℬ(0, 𝑅):
𝑚 = 𝑂(𝑘2 𝑑 log(𝑅/𝜀)).

In practice: 𝑚 = 𝑂(𝑘𝑑) is sufﬁcient.
Results for Gaussian mixtures and PCA
as well.

Color = SSE / k-means SSE Steinhaus (1956) .
Data ∼ GMM, 𝑘 = 10. Figure: Keriven et al. (2017) .

Gribonval et al., 2017. “Compressive statistical learning with random feature moments”
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Example: MNIST dataset
MNIST dataset of handwritten digits. 𝑘 = 10, 𝑑 = 10, 𝑛 = 70000.
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Construction of the Matrix of Frequencies
Replace Ω =

𝜔1 𝜔2 𝜔3

⋯

𝜔𝑛

by a structured matrix Ωfast .

Construction using Walsh-Hadamard + diagonal Rademacher matrices.
cf. Yu et al. (2016) , Choromanski, Rowland, and Weller (2017) .
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Construction of the Matrix of Frequencies
Replace Ω =

𝜔1 𝜔2 𝜔3

⋯

𝜔𝑛

by a structured matrix Ωfast .

Construction using Walsh-Hadamard + diagonal Rademacher matrices.
cf. Yu et al. (2016) , Choromanski, Rowland, and Weller (2017) .
Products can be computed using the fast Walsh-Hadamard transform!
• Time complexity (both sketching & learning): 𝑑2 → 𝑑 log(𝑑).
• Space complexity (RAM + storage of Ω): 𝑑2 → 𝑑.
Example: size of Ω for 𝑑 = 1024, 𝑘 = 512: 40Go → 1.8Mo.
⇝ Same clustering quality in practice.
Chatalic, Gribonval, and Keriven, 2018. “Large-Scale High-Dimensional Clustering with Fast Sketching”
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Recent Advances: Privacy-Aware Learning
First way to get privacy: compute
less than 𝑚 observations per data
sample 𝑥𝑖 .
Each measurement exp(𝑖𝜔⊤
𝑗 𝑥𝑖 ) is
computed only with probability 𝜶.
Hence, low 𝛼 = more privacy.
Each 𝑠𝑗̂ is computed from ≈ 𝛼𝑛
samples, and:
Var(𝑠𝑗̂ ) ≈

1
𝛼𝑛
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Recent Advances: Privacy-Aware Learning
First way to get privacy: compute
less than 𝑚 observations per data
sample 𝑥𝑖 .

Color = error (SSE) w.r.t. k-means.
𝑑 = 𝑘 = 10, 𝑚 = 10𝑘𝑑.

Each measurement exp(𝑖𝜔⊤
𝑗 𝑥𝑖 ) is
computed only with probability 𝜶.
Hence, low 𝛼 = more privacy.
Each 𝑠𝑗̂ is computed from ≈ 𝛼𝑛
samples, and:
Var(𝑠𝑗̂ ) ≈

1
𝛼𝑛

Conclusion: only the variance of the sketch matters.
Can also help to reduce clustering time!
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Recent Advances: Privacy-Aware Learning II
Noise on the sketches 𝑠𝑥𝑖 :
⊤
𝑠sk.n.
𝑥𝑖 = exp(𝑖Ω 𝑥𝑖 ) + 𝜉𝑖
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Here 𝑥 + 𝜉 ∼ 𝑝𝑥 ⋆ 𝑝𝜉 , hence 𝑠d.n. = 𝑠𝑥 ⊙ 𝑠𝜉 .
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Here 𝑥 + 𝜉 ∼ 𝑝𝑥 ⋆ 𝑝𝜉 , hence 𝑠d.n. = 𝑠𝑥 ⊙ 𝑠𝜉 .
This sketch can be “deconvolved” (but it increases the variance!).

The 3 scenarios can be compared by looking at the variance.
Guarantees have yet to be established (e.g. local differential privacy).
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Conclusion
• A framework for learning efﬁciently from large distributed
collections or data streams.
• Similar to a single-layer random neural network with pooling.
• Learning = moment-matching; heuristics have been proposed to
solve the optimization problem.
• Theoretical guarantees on the sketch size have been obtained.
• Fast transforms allow to deal with large dimensions.
• Privacy by construction (pooling), noise can be added.
• More learning tasks: union of subspaces, regression,
classiﬁcation…

Questions?
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